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Prìlogoc

To biblÐo autì eÐnai èna didaktikì egqeirÐdio eisagwgikì sthn Pragmatik 
An�lush. ApeujÔnetai kurÐwc se foithtèc pou èqoun  dh melet sei tic basikèc
ènnoiec toÔ DiaforikoÔ kai OloklhrwtikoÔ LogismoÔ. To kÔrio proapaitoÔ-
meno eÐnai h kal  katanìhsh toÔ LogismoÔ mi�c pragmatik c metablht c
(akoloujÐec, ìria, sunèqeia, parag¸gish, olokl rwsh). Qrei�zontai epÐshc
ta entel¸c basik� stoiqeÐa TopologÐac kai LogismoÔ poll¸n metablht¸n.

To biblÐo perièqei èxi kef�laia. Sto tèloc k�je kefalaÐou up�rqei meg�lh
poikilÐa ask sewn. Pollèc apì autèc proèrqontai apì ta biblÐa pou paratÐ-
jentai sth BibliografÐa kai m�lista apì th sullog  ask sewn [3]. Se k�je
kef�laio, met� tic ask seic akoloujoÔn Shmei¸seic. Autèc èqoun istorikì
kai bibliografikì qarakt ra. O kÔrioc skopìc touc eÐnai na d¸soun kÐnhtro
ston anagn¸sth na y�xei se biblÐa kai �rjra gia jèmata pou sumplhr¸noun
aut� pou up�rqoun sto parìn biblÐo. Stic shmei¸seic up�rqei mia plhj¸ra
anafor¸n; ta kÔria ìmwc bohj mat� mac kat� th suggraf  toÔ biblÐou  -
tan ta polÔ kal� biblÐa t c BibliografÐac. Oi par�grafoi me asterÐsko (∗)
mporoÔn na paraleifjoÔn se pr¸th an�gnwsh. Oi ask seic me ∗ eÐnai piì
dÔskolec apì tic upìloipec.

Meg�lo mèroc toÔ biblÐou proèrqetai apì tic didaktikèc shmei¸seic pou
qrhsimopoi¸ ta teleutaÐa qrìnia sto Tm ma Majhmatik¸n toÔ A.P.J.. Jèlw
kai apì ed¸ na euqarist sw ìlouc touc foithtèc kai sunadèlfouc pou me tic
parathr seic kai tic diorj¸seic touc bo jhsan sthn beltÐwsh twn arqik¸n
shmei¸sewn.

To biblÐo eÐnai afierwmèno stouc goneÐc mou touc opoÐouc euqarist¸ tìso
gia thn ag�ph mou gia ta Majhmatik� ìso kai gia th suneq  touc st rixh
sth majhmatik  mou poreÐa.
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Kef�laio 1

ArijmoÐ kai AkoloujÐec

MerikoÐ sumbolismoÐ pou ja qrhsimopoioÔme polÔ suqn�:
R To sÔnolo twn pragmatik¸n arijm¸n.
Q To sÔnolo twn rht¸n arijm¸n.
Z To sÔnolo twn akeraÐwn arijm¸n.
N To sÔnolo twn fusik¸n arijm¸n {1, 2, . . . }.

1.1 PragmatikoÐ arijmoÐ

'Estw E ⊂ R. To E onom�zetai �nw fragmèno an up�rqei arijmìc b ∈ R
tètoioc ¸ste

∀x ∈ E, x ≤ b.

K�je tètoioc arijmìc b onom�zetai �nw fr�gma toÔ E. O arijmìc M ∈ R
onom�zetai mègisto toÔ E an eÐnai �nw fr�gma toÔ E kai M ∈ E. An to
E eÐnai �nw fragmèno, tìte èqei poll� �nw fr�gmata. An èqei mègisto, autì
eÐnai monadikì. To mègisto toÔ E sumbolÐzetai me maxE.

To E onom�zetai k�tw fragmèno an up�rqei arijmìc a ∈ R tètoioc
¸ste

∀x ∈ E, x ≥ a.

K�je tètoioc arijmìc a onom�zetai k�tw fr�gma toÔ E. O arijmìc m ∈ R
onom�zetai el�qisto toÔ E an eÐnai k�tw fr�gma toÔ E kai m ∈ E. To
el�qisto toÔ E sumbolÐzetai me minE. To E onom�zetai fragmèno an eÐnai
�nw kai k�tw fragmèno.

Par�deigma 1.1.1 To sÔnolo E = (0, 1] ∪ (2, 3] eÐnai fragmèno sÔnolo kai
isqÔei maxE = 3; to E den èqei el�qisto.
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Par�deigma 1.1.2 To sÔnolo (−∞, 2) den eÐnai k�tw fragmèno; eÐnai �nw
fragmèno all� den èqei mègisto.

Par�deigma 1.1.3 To N èqei el�qisto kai minN = 1. K�je mh kenì up-
osÔnolo toÔ N èqei el�qisto.

To sÔnolo twn pragmatik¸n arijm¸n ikanopoieÐ to parak�tw axÐwma:

AxÐwma thc plhrìthtac: 'Estw E èna mh kenì, �nw fragmèno up-
osÔnolo toÔ R. To sÔnolo twn �nw fragm�twn toÔ E èqei el�qisto.

Orismìc 1.1.4 An E eÐnai èna mh keno, �nw fragmèno sÔnolo, to el�qisto
�nw fr�gma tou (pou up�rqei lìgw toÔ axi¸matoc thc plhrìthtac) onom�zetai
supremum   �nw pèrac toÔ E kai sumbolÐzetai me supE. An to E eÐnai
mh kenì all� den eÐnai �nw fragmèno, orÐzoume supE = +∞. Tèloc orÐzoume
sup∅ = −∞.

Prìtash 1.1.5 'Estw E èna mh kenì, k�tw fragmèno uposÔnolo toÔ R. To
sÔnolo twn k�tw fragm�twn toÔ E èqei mègisto.

Apìdeixh.
JewroÔme to sÔnolo −E = {−x : x ∈ E}. To −E eÐnai �nw fragmèno;
èstw S = sup(−E). Ja deÐxoume ìti to −S eÐnai k�tw fr�gma toÔ E. 'Estw
x ∈ E. Tìte −x ∈ −E. Epeid  S = sup(−E), isqÔei −x ≤ S. 'Ara x ≥ −S,
dhlad  to −S eÐnai k�tw fr�gma toÔ E. Tèloc apodeiknÔoume ìti to −S eÐnai
to mègisto k�tw fr�gma toÔ E. 'Estw a èna k�tw fr�gma tou E. Tìte to
−a eÐnai �nw fr�gma toÔ −E. Epeid  S = sup(−E), isqÔei S ≤ −a, dhlad 
a ≤ −S. ¤

Orismìc 1.1.6 An E eÐnai èna mh kenì, k�tw fragmèno sÔnolo, to mègisto
k�tw fr�gma tou (pou up�rqei lìgw t c Prìtashc 1.1.5) onom�zetai infi-
mum   k�tw pèrac toÔ E kai sumbolÐzetai me inf E. An to E eÐnai mh
kenì all� den eÐnai k�tw fragmèno, orÐzoume inf E = −∞. EpÐshc orÐzoume
inf ∅ = +∞.

Parat rhsh 1.1.7 'Ena uposÔnolo toÔ R mporeÐ na mhn èqei mègisto  
el�qisto; ìmwc k�je uposÔnolo toÔ R èqei supremum kai infimum. An
èna sÔnolo E èqei mègisto tìte maxE = supE; an to E èqei el�qisto, tìte
minE = inf E.
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Prìtash 1.1.8 (Arqim deia idiìthta toÔ R)
(a) To N den eÐnai �nw fragmèno.
(b) An x, y eÐnai jetikoÐ pragmatikoÐ arijmoÐ, tìte up�rqei n ∈ N, tètoio ¸ste
nx > y.

Apìdeixh.
(a) 'Estw ìti to N eÐnai �nw fragmèno. Tìte S := supN ∈ R. O arijmìc
S−1 den eÐnai �nw fr�gma toÔ N; �ra up�rqei m ∈ N tètoioc ¸ste S−1 < m,
dhlad  S < m + 1 ∈ N. 'Atopo.
(b) Ac upojèsoume ìti h prìtash eÐnai yeud c, dhlad  nx ≤ y gia k�je n ∈ N.
Tìte o arijmìc y/x eÐnai �nw fr�gma toÔ N, pr�gma pou èrqetai se antÐjesh
me to (a). ¤

Par�deigma 1.1.9 'Estw E = N ∪ {−1 + n−1 : n ∈ N}. To E den eÐnai
�nw fragmèno; �ra supE = +∞. EpÐshc inf E = −1. To E den èqei oÔte
el�qisto, oÔte mègisto.

Par�deigma 1.1.10 An E = (0, 1)∪{2 1
n : n ∈ N}, tìte supE = max E = 2

kai inf E = 0. To E den èqei el�qisto.

Prìtash 1.1.11 (a) An E eÐnai èna mh kenì, �nw fragmèno sÔnolo kai
S ∈ R, tìte

(1.1) S = supE ⇐⇒
{
∀x ∈ E, x ≤ S,

∀ε > 0, ∃a ∈ E tètoio ¸ste a > S − ε.

(b) An E eÐnai èna mh kenì, k�tw fragmèno sÔnolo kai s ∈ R, tìte

(1.2) s = inf E ⇐⇒
{
∀x ∈ E, x ≥ s,

∀ε > 0, ∃b ∈ E tètoio ¸ste b < s + ε.

Apìdeixh.
Ja apodeÐxoume mìno to (a). H apìdeixh toÔ (b) eÐnai parìmoia. 'Estw ìti
S = supE. Tìte to S eÐnai �nw fr�gma toÔ E. 'Ara ∀x ∈ E, x ≤ S. 'Estw
ε > 0. Epeid  to S eÐnai to el�qisto �nw fr�gma toÔ E, o arijmìc S − ε den
eÐnai �nw fr�gma tou E. 'Ara up�rqei a ∈ E me a > S − ε.

Antistrìfwc, upojètoume: (i) ∀x ∈ E, x ≤ S kai (ii) ∀ε > 0, ∃a ∈ E
tètoio ¸ste a > S − ε. H (i) lèei ìti to S eÐnai �nw fr�gma toÔ E. Ac
upojèsoume ìti to S den eÐnai to el�qisto �nw fr�gma tou E. Tìte up�rqei
èna �nw fr�gma S′ toÔ E me S′ < S. Jètoume ε = S − S′. Lìgw thc (ii)
∃a ∈ E tètoio ¸ste a > S − ε = S′. 'Atopo diìti to S′ eÐnai �nw fr�gma toÔ
E. 'Ara S = supE. ¤
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Prìtash 1.1.12 An E eÐnai èna mh kenì sÔnolo, tìte up�rqoun akoloujÐec
{an}∞n=1 ⊂ E kai {bn}∞n=1 ⊂ E tètoiec ¸ste

lim
n→∞ an = supE kai lim

n→∞ bn = inf E.

Apìdeixh.
Pr¸ta exet�zoume thn perÐptwsh pou to E den eÐnai k�tw fragmèno. Tìte
gia k�je n ∈ N, up�rqei bn ∈ E me bn ≤ −n. 'Ara bn → −∞ = inf E.

Upojètoume t¸ra ìti to E eÐnai k�tw fragmèno. 'Estw s := inf E ∈ R.
Efarmìzoume thn Prìtash 1.1.11(b) gia ε = 1

n , n ∈ N kai brÐskoume arijmoÔc
bn ∈ E me bn < s + 1

n . Epeid  s = inf E kai bn ∈ E, èqoume s ≤ bn. 'Ara

s ≤ bn < s +
1
n

, n ∈ N.

Epomènwc limn→∞ bn = s.
H apìdeixh gia to supE eÐnai parìmoia. ¤

To epìmeno je¸rhma deÐqnei ìti to Q eÐnai puknì uposÔnolo toÔ R, dhlad 
Q = R; to Ðdio isqÔei kai gia to sÔnolo twn �rrhtwn arijm¸n R \Q.

Je¸rhma 1.1.13 (a) An a, b ∈ R kai a < b, tìte up�rqoun q ∈ Q kai
r ∈ R \Q tètoia ¸ste q, r ∈ (a, b).
(b) Gia k�je a ∈ R up�rqei akoloujÐa {qn} ⊂ Q tètoia ¸ste limn→∞ qn = a.
(g) Gia k�je a ∈ R up�rqei akoloujÐa {rn} ⊂ R\Q tètoia ¸ste limn→∞ rn =
a.

Apìdeixh.
(a) Efarmìzontac thn Prìtash 1.1.8 gia x = b−a kai y = 1, brÐskoume n ∈ N
me n(b− a) > 1, dhlad  nb− na > 1. Epeid  oi arijmoÐ na, nb èqoun diafor�
megalÔterh toÔ 1, ja up�rqei m ∈ Z me na < m < nb, dhlad  a < m/n < b.
'Ara gia to rhtì arijmì q := m/n isqÔei q ∈ (a, b). Gia na broÔme �rrhto
sto (a, b) efarmìzoume thn Prìtash 1.1.8 gia x = (b − a)

√
2 kai y = 1 kai

ergazìmaste ìpwc parap�nw.
(b) Efarmìzontac to (a) gia b = a + 1

n , n ∈ N, brÐskoume mi� akoloujÐa
rht¸n {qn} me a < qn < a + 1

n . Profan¸c qn → a.
(g) H apìdeixh eÐnai parìmoia me toÔ (b). ¤

Orismìc 1.1.14 'Estw f : E → R mi� sunarthsh. OrÐzoume to supremum
kai to infimum thc f sto E me tic isìthtec

sup
x∈E

f(x) = sup{f(x) : x ∈ E} kai inf
x∈E

f(x) = inf{f(x) : x ∈ E}.
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QrhsimopoioÔme epÐshc touc sumbolismoÔc supE f kai infE f . Eidik� gia
akoloujÐec {an} qrhsimopoioÔme touc sumbolismoÔc

sup
n

an := sup{an : n ∈ N} kai inf
n

an := inf{an : n ∈ N}.

An h sun�rthsh f : E → R èqei mègisto (el�qisto), tìte maxE f(x) =
supE f(x) (minE f(x) = infE f(x)). 'Opwc eÐnai gnwstì apì to Logismì,
k�je suneq c sun�rthsh se kleistì di�sthma èqei mègisto kai el�qisto.

Par�deigma 1.1.15 JewroÔme th sun�rthsh

f(x) =
1

1 + x2
, x ∈ R.

H f èqei mègisto sto 0. 'Ara supR f(x) = maxR f(x) = f(0) = 1. Epeid 
f(x) > 0, ∀x ∈ R kai limx→∞ f(x) = 0, isqÔei infE f(x) = 0. H f den èqei
el�qisto.

Par�deigma 1.1.16 Gia th sun�rthsh

f(x) = x− x3

3
, x ∈ [−3,

√
3]

isqÔei
sup

x∈[−3,
√

3]

f(x) = max
x∈[−3,

√
3]

f(x) = f(−3) = 6

kai
inf

x∈[−3,
√

3]
f(x) = min

x∈[−3,
√

3]
f(x) = f(−1) = −2

3
.

Par�deigma 1.1.17 H sun�rthsh f(x) = e−x, x ∈ (0,∞) eÐnai fjÐnousa.
'Ara

sup
x∈(0,∞)

f(x) = lim
x→0+

f(x) = 1,

inf
x∈(0,∞)

f(x) = lim
x→∞ f(x) = 0.

Par�deigma 1.1.18 Gia thn akoloujÐa an = 1
n , n ∈ N, isqÔei supn an =

maxn an = 1 kai infn an = 0.
Gia thn an = (−1)n

n2 , n ∈ N, isqÔei supn an = maxn an = 1/4 kai infn an =
minn an = −1.
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Prìtash 1.1.19 An f : E → R eÐnai mi� sun�rthsh, ξ ∈ R ∪ {+∞,−∞}
èna shmeÐo suss¸reushc toÔ E kai an tì ìrio limx→ξ f(x) up�rqei, tìte

(1.3) inf
E

f ≤ lim
x→ξ

f(x) ≤ sup
E

f.

Apìdeixh.
Gia k�je x ∈ E, isqÔei

inf
E

f ≤ f(x) ≤ sup
E

f.

PaÐrnoume ìria gia x → ξ kai prokÔptei h (1.3). ¤

Je¸rhma 1.1.20 (a) An {an} eÐnai mi� aÔxousa akoloujÐa pragmatik¸n ar-
ijm¸n, tìte limn→∞ an = supn an.
(b)An {bn} eÐnai mi� fjÐnousa akoloujÐa pragmatik¸n arijm¸n, tìte limn→∞ bn =
infn an.
Apìdeixh.
Ja apodeÐxoume to (a); h apìdeixh tou (b) eÐnai parìmoia.

Upojètoume pr¸ta ìti h {an} den eÐnai �nw fragmènh. 'Estw M > 0.
Up�rqei no ∈ N tètoio ¸ste ano > M . Epeid  h {an} eÐnai �uxousa an > M
gia k�je n ≥ no. 'Ara

lim
n→∞ an = +∞ = sup

n
an.

An h {an} eÐnai �nw fragmènh, tìte supn an = S ∈ R. 'Estw ε > 0. Lìgw
thc Prìtashc 1.1.11, up�rqei no ∈ N tètoio ¸ste ano > S− ε. Epeid  h {an}
eÐnai aÔxousa, isqÔei S ≥ an > S−ε, ∀n ≥ no, dhlad  |an−S| < ε, ∀n ≥ no.
'Ara limn→∞ an = S. ¤

Je¸rhma 1.1.21 (Arq  toÔ kibwtismoÔ) An In = [an, bn], n ∈ N, eÐnai
kleist� diast mata me I1 ⊃ I2 ⊃ I3 ⊃ . . . , tìte ∩∞n=1In 6= ∅. An epiplèon
limn→∞(bn − an) = 0, tìte h tom  ∩∞n=1In perièqei akrib¸c èna shmeÐo.
Apìdeixh.
IsqÔei an ≤ an+1 ≤ bn+1 ≤ bn gia k�je n ∈ N. Epomènwc, lìgw kai toÔ
Jewr matoc 1.1.20, up�rqoun ta ìria

a := lim
n→∞ an = sup

n
an ∈ R kai b := lim

n→∞ bn = inf
n

bn ∈ R,

kai m�lista isqÔei a ≤ b. Ja deÐxoume ìti ∩∞n=1In = [a, b]. Pr�gmati, an x ∈
In, ∀n ∈ N, tìte an ≤ x ≤ bn, ∀n kai epomènwc a ≤ x ≤ b. Antistrìfwc, an
x ∈ [a, b], tìte x ∈ [an, bn], ∀n, dhlad  x ∈ ∩∞n=1In. Tèloc, an limn→∞(bn−
an) = 0, tìte a = b. 'Ara ∩∞n=1In = {a}. ¤
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1.2 Arijm sima kai uperarijm sima sÔnola

Orismìc 1.2.1 Duì sÔnola A,B onom�zontai isodÔnama an up�rqei sun�rthsh
f : A → B poÔ eÐnai 1 − 1 kai epÐ. An ta A,B eÐnai isodÔnama sÔnola,
gr�foume A ∼ B.

EÐnai profanèc ìti an h f : A → B eÐnai 1− 1 sun�rthsh, tìte to A eÐnai
isodÔnamo me èna uposÔnolo toÔ B. EpÐshc apodeiknÔetai eÔkola ìti h sqèsh
∼ eÐnai anaklastik , summetrik  kai metabatik .

Par�deigma 1.2.2 IsqÔei R ∼ (−π/2, π/2) diìti h sun�rthsh x 7→ tan−1 x
apeikonÐzei amfimonìtima to R epÐ toÔ (−π/2, π/2).

Prìtash 1.2.3 An f : A → B eÐnai mi� sun�rthsh, tìte to f(A) eÐnai
isodÔnamo me èna uposÔnolo toÔ A.

Apìdeixh.
'Estw y ∈ f(A). Tìte to sÔnolo f−1({y}) eÐnai mh kenì. Epilègoume èna
stoiqeÐo tou x kai orÐzoume g(y) := x. 'Etsi orÐzetai mia 1 − 1 sun�rthsh
g : f(A) → A. 'Estw A1 := g(f(A)) ⊂ A. H g eÐnai 1 − 1 sun�rthsh toÔ
f(A) epÐ toÔ A1. 'Ara f(A) ∼ A1. ¤

Pìrisma 1.2.4 An h sun�rthsh f : A → B eÐnai epÐ, tìte to B eÐnai isodÔ-
namo me èna uposÔnolo toÔ A.

Orismìc 1.2.5 'Ena sÔnolo A onom�zetai peperasmèno an A = ∅   A ∼
{1, 2, . . . , n} gia k�poio n ∈ N. Alli¸c to A onom�zetai �peiro. 'Ena sÔno-
lo A onom�zetai arijm simo an A ∼ N. 'Ena sÔnolo poÔ den eÐnai oÔte
peperasmèno oÔte arijm simo onom�zetai uperarijm simo. An èna sÔnolo
eÐnai peperasmèno   arijm simo tìte lème ìti eÐnai to polÔ arijm simo.

Par�deigma 1.2.6 To Z eÐnai arijm simo. Pr�gmati, jewroÔme th sun�rthsh
f : Z→ N me

f(n) =

{
2n, an n ≥ 1,

−2n + 1, an n ≤ 0.

H f eÐnai 1− 1 kai epÐ. 'Ara Z ∼ N.

Par�deigma 1.2.7 K�je k ∈ N gr�fetai me monadikì trìpo wc k = 2m−1(2n−
1), ìpou m,n kat�llhloi fusikoÐ. OrÐzoume f : N × N → N me f(m,n) =
2m−1(2n−1). Lìgw thc parap�nw parat rhshc h f eÐnai epÐ. EÔkola faÐnetai
ìti eÐnai kai 1− 1. 'Ara N× N ∼ N.
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Prìtash 1.2.8 An A ⊂ N kai A �peiro, tìte A ∼ N.
Apìdeixh.
To A eÐnai �peiro, �ra mh kenì. 'Estw x1 = min A. To A \ {x1} eÐnai mh
keno. 'Estw x2 = min(A \ {x1}). To A \ {x1, x2} eÐnai mh keno. 'Estw x3 =
min(A \ {x1, x2}). Suneqizontac epagwgik� brÐskoume x1, x2, . . . , xn, · · · ∈
A me xn = min(A \ {x1, . . . , xn−1}). Epeid  to A eÐnai �peiro, to sÔnolo
{x1, x2, . . . } eÐnai epÐshc �peiro kai epomènwc mh fragmèno.

Ja deÐxoume ìti A = {x1, x2, . . . }. 'Estw x ∈ A \ {x1, x2, . . . }. Up�rqei
èna toul�qiston xk me xk > x (diìti an xk ≤ x, ∀k ∈ N, tìte to {x1, x2, . . . }
ja  tan fragmèno). 'Ara up�rqei n ∈ N tètoio ¸ste x1 < · · · < xn−1 < x <
xn. 'Atopo diìti xn = minA \ {x1, . . . , xn−1}.

DeÐxame loipìn ìti A = {x1, x2, . . . }. OrÐzoume f : A → N me f(xk) = k.
H f eÐnai profan¸c 1− 1 kai epÐ; �ra A ∼ N. ¤

Parat rhsh 1.2.9 An A eÐnai èna arijm simo sÔnolo, tìte up�rqei f :
N → A pou eÐnai 1 − 1 kai epÐ. Jètoume an = f(n), n ∈ N. Epomènwc
A = {a1, a2, . . . }. Mi� tètoia graf  toÔ A onom�zetai arÐjmhsh toÔ A.

Oi parak�tw prot�seic apodeiknÔontai me th mèjodo thc apìdeixhc thc
Prìtashc 1.2.8. Oi apodeÐxeic af nontai gi� �skhsh.

Prìtash 1.2.10 An A eÐnai èna arijm simo sÔnolo kai B ⊂ A, tìte to B
eÐnai to polÔ arijm simo.

Prìtash 1.2.11 K�je �peiro sÔnolo perièqei èna arijm simo uposÔnolo.

Je¸rhma 1.2.12 An ta sÔnola Aj , j = 1, 2, . . . eÐnai to polÔ arijm sima,
tìte h ènws  touc ∪∞j=1Aj eÐnai to polÔ arijm simo sÔnolo.

Apìdeixh.
'Estw ìti

Aj = {aj1, aj2, . . . }, j = 1, 2, . . .

JewroÔme to sÔnolo X := {(j, i) ∈ N × N : aji ∈ ∪∞j=1Aj}. OrÐzoume
f : X → ∪∞j=1Aj me f(j, i) = aji. H f eÐnai sun�rthsh epÐ. (H f den eÐnai
kat' an�gkh sun�rthsh 1−1 diìti ta sÔnola Aj en gènei den eÐnai xèna). Apì
thn Prìtash 1.2.3, to sÔnolo ∪∞j=1Aj eÐnai isodÔnamo me èna uposÔnolo tou
X, �ra kai toÔ N × N to opoÐo eÐnai arijm simo. Epomènwc to ∪∞j=1Aj eÐnai
to polÔ arijm simo. ¤
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Par�deigma 1.2.13 An n ∈ N, to sÔnolo {m
n : m ∈ Z} eÐnai profan¸c

arijm simo. 'Omwc
Q =

⋃

n∈N

{m

n
: m ∈ Z

}
.

Lìgw toÔ Jewr matoc 1.2.12, to Q eÐnai arijm simo.

Je¸rhma 1.2.14 To di�sthma (0, 1) eÐnai uperarijm simo.
Apìdeixh.
ArkeÐ na deÐxoume ìti to kleistì di�sthma [0, 1] eÐnai uperarijm simo. Ac
upojèsoume ìti to [0, 1] eÐnai arijm simo. 'Estw

[0, 1] = {x1, x2, . . . }
mi� arÐjmhs  tou. QwrÐzoume to [0, 1] se trÐa kleist� diast mata Ðsou m kouc:

[0, 1] = [0, 1/3] ∪ [1/3, 2/3] ∪ [2/3, 1].

'Estw I1 èna apì aut� ta diast mata pou den perièqei to x1. QwrÐzoume to I1

se trÐa isom kh kleist� diast mata kai onom�zoume I2 èna apì aut� pou den
perièqei to x2. SuneqÐzontac ètsi kataskeu�zoume mi� fjÐnousa akoloujÐa
kleist¸n diasthm�twn {In}. To m koc toÔ In eÐnai 1/3n → 0 ìtan n → ∞.
Apì thn arq  toÔ kibwtismoÔ up�rqei monadikì x ∈ ∩∞n=1In. Tìte x = xm

gia k�poio m ∈ N. 'Atopo, diìti xm /∈ Im. ¤

Par�deigma 1.2.15 An a < b, to di�sthma (a, b) eÐnai uperarijm simo sÔno-
lo diìti h sun�rthsh

f(x) =
x− a

b− a

apeikonÐzei amfimonìtima to (a, b) epÐ toÔ (0, 1).

Pìrisma 1.2.16 K�je uposÔnolo toÔ R poÔ perièqei èna di�sthma eÐnai up-
erarijm simo.

1.3 UpakoloujÐec

Orismìc 1.3.1 Mi� akoloujÐa {bk}∞k=1 onom�zetai upakoloujÐa t c akolou-
jÐac {an}∞n=1 an up�rqoun fusikoÐ arijmoÐ n1 < n2 < · · · < nk < . . . tètoioi
¸ste bk = ank

gia k�je k ∈ N.
Gia par�deigma, oi akoloujÐec { 1

n2 }, { 1
n!} kai { 1

2n} eÐnai ìlec upakolou-
jÐec thc { 1

n}. H akoloujÐa {a1, a2, a4, a8, a16, . . . } kai oi akoloujÐec {a2n},
{a2n−1} eÐnai upakoloujÐec thc {an}.
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Parat rhsh 1.3.2 An an → ` ∈ R ∪ {+∞,−∞}, tìte k�je upakoloujÐa
t c {an} sugklÐnei sto `.

Je¸rhma 1.3.3 (Bolzano-Weierstrass) K�je fragmènh akoloujÐa prag-
matik¸n arijm¸n èqei upakoloujÐa pou sugklÐnei se èna pragmatikì arijmì.

Apìdeixh.
'Estw {an} mi� fragmènh akoloujÐa. Tìte up�rqoun arijmoÐ m1,M1 ∈ R
tètoioi ¸ste

m1 ≤ an ≤ M1, ∀n ∈ N.

Jètoume I1 = [m1, M1]. DiairoÔme to I1 se dÔo isom kh kleist� diast mata
[
m1,

m1 + M1

2

]
kai

[
m1 + M1

2
,M1

]
.

Se èna toul�qiston apì aut� ta dÔo diast mata up�rqoun �peiroi ìroi thc
{an}. Onom�zoume I2 autì to di�sthma. DiqotomoÔme to I2 kai parathroÔme
p�li ìti se toul�qisto èna apì ta upodiast mata poÔ prokÔptoun up�rqoun
�peiroi ìroi thc {an}. Onom�zoume I3 autì to upodi�sthma. SuneqÐzontac
aut  th diadik�sÐa kataskeu�zoume mi� akoloujÐa diasthm�twn

I1 ⊃ I2 ⊃ I3 ⊃ · · · ⊃ Ij ⊃ . . .

kai parathroÔme ìti h akoloujÐa twn mhk¸n touc teÐnei sto 0 kai ìti to Ij

perièqei �peirouc ìrouc thc {an}.
Apì thc arq  tou kibwtismoÔ (Je¸rhma 1.1.21), up�rqei manadikì ` ∈

∩∞j=1Ij . Ja deÐxoume ìti mi� upakoloujÐa {ank
}∞k=1 thc {an} sugklÐnei sto

`. An k ∈ N, to di�sthma (`− 1/k, ` + 1/k) perièqei èna toul�qiston apì ta
diast mata I1, I2, . . . (diìti ìla perièqoun to ` kai h akoloujÐa twn mhk¸n
touc teÐnei sto 0). K�taskeu�zoume t¸ra thn {ank

}∞k=1 epagwgik� wc ex c:
'Estw n1 := min{n ≥ 1 : an ∈ (`− 1, ` + 1)} kai

nk := min
{

n ≥ nk−1 + 1 : an ∈
(

`− 1
k
, ` +

1
k

)}
.

Tìte |ank
− `| < 1

k , ∀k ∈ N. 'Ara

lim
k→∞

ank
= `.

¤
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Par�deigma 1.3.4 Mi� fragmènh akoloujÐa mporeÐ na èqei pollèc sugklÐ-
nousec upakoloujÐec me diaforetik� ìria. Gia par�deigma h akoloujÐa

{an}∞n=1 = {1,−1, 2, 1,−1, 2, 1,−1, 2, . . . }

èqei mi� upakoloujÐa, thn {a3n−2}, pou sugklÐnei sto 1, mi� �llh upakoloujÐa
pou sugklÐnei sto −1, kai mi� trÐth upakoloujÐa pou sugklÐnei sto 2.

Mi� akoloujÐa pou den eÐnai fragmènh, asfal¸c den sugklÐnei. 'Omwc
mporeÐ na èqei upakoloujÐa pou sugklÐnei. Gia par�deigma h akoloujÐa

an =

{
n, n perittìc,
1
n , n �rtioc.

den eÐnai fragmènh, all� h upakoloujÐa twn �rtiwn ìrwn thc sugklÐnei sto
0.

Prìtash 1.3.5 (a) An mi� akoloujÐa den eÐnai �nw fragmènh, tìte èqei up-
akoloujÐa pou teÐnei sto +∞.
(b) An mi� akoloujÐa den eÐnai k�tw fragmènh, tìte èqei upakoloujÐa pou
teÐnei sto −∞.

Apìdeixh.
Ja apodeÐxoume to (a); h apìdeixh toÔ (b) eÐnai parìmoia. 'Estw loipìn ìti
h akoloujÐa {an} den eÐnai �nw fragmènh. 'Ara o arijmìc 1 den eÐnai �nw
fr�gma thc. Ja èqei loipìn ìrouc megalÔterouc toÔ 1. Jètoume

n1 = min{n ∈ N : an > 1}.

O arijmìc 2 den eÐnai �nw fr�gma t c akoloujÐac {an1 , an1+1, . . . }. Jètoume

n2 = min{n > n1 : an > 2}.

SuneqÐzontac epagwgik� jètoume

nk = min{n > nk−1 : an > k}, k = 3, 4, . . . .

'Etsi kataskeu�same upakoloujÐa {ank
} t c {an} tètoia ¸ste gia k�je k ∈

N, ank
> k. Profan¸c isqÔei

lim
k→∞

ank
= +∞.

¤
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1.4 AkoloujÐec Cauchy

Orismìc 1.4.1 Mi� akoloujÐa pragmatik¸n arijm¸n {an} onom�zetai akolou-
jÐa Cauchy an gia k�je ε > 0 up�rqei no ∈ N tètoioc ¸ste

∀m,n ≥ no, |an − am| < ε.

Prìtash 1.4.2 K�je akoloujÐa Cauchy eÐnai fragmènh.
Apìdeixh.
Efarmìzontac ton orismì gia ε = 1 brÐskoume no tètoio ¸ste

∀m, n ≥ no, |an − am| < 1.

Autì sunep�getai ìti eidikìtera

∀n ≥ no, |an − ano | < 1.

Epomènwc
∀n ≥ no, |an| < 1 + |ano |.

Jètoume M = max{|a1|, |a2|, . . . , |ano−1|, 1 + |ano |} kai parathroÔme ìti

∀n ∈ N, |an| ≤ M.

¤

Prìtash 1.4.3 An mi� akoloujÐa Cauchy {an} èqei mi� upakoloujÐa {ank
}

me limk→∞ ank
= ` ∈ R, tìte limn→∞ an = `.

Apìdeixh.
'Estw ε > 0. Tìte up�rqoun ko, k1 ∈ N tètoioi ¸ste

∀k ≥ ko, |ank
− `| < ε

2
kai

∀m,n ≥ k1, |am − an| < ε

2
.

Jètoume k2 = max{ko, k1}. 'Estw k ≥ k2. Tìte nk ≥ k ≥ k2 ≥ ko. 'Ara
|ank

− `| < ε
2 . EpÐshc nk, k ≥ k2 ≥ k1. Epomènwc |ank

− ak| < ε
2 .

Telik� loipìn, an k ≥ k2, tìte

|ak − `| ≤ |ak − ank
|+ |ank

− `| < ε

2
+

ε

2
= ε

to opoÐo shmaÐnei ìti limk→∞ ak = `. ¤
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Je¸rhma 1.4.4 Mi� akoloujÐa sugklÐnei se èna pragmatikì arijmì an kai
mìno an eÐnai akoloujÐa Cauchy.

Apìdeixh.
Upojètoume pr¸ta ìti h akoloujÐa {an} sugklÐnei sto l ∈ R. 'Estw ε > 0.
Up�rqei no ∈ N tètoio ¸ste

∀n ≥ no, |an − `| < ε

2
.

'Estw m, n ≥ no. Tìte

|an − am| ≤ |an − `|+ |am − `| < ε

2
+

ε

2
= ε.

'Ara h {an} eÐnai akoloujÐa Cauchy. Antistrìfwc, èstw {an} mi� akoloujÐa
Cauchy. Apì thn Prìtash 1.4.2, h {an} eÐnai fragmènh. 'Ara ja èqei sug-
klÐnousa upakoloujÐa (Je¸rhma Bolzano-Weierstrass). Lìgw thc Prìtashc
1.4.3 kai h Ðdia h {an} eÐnai sugklÐnousa. ¤

Par�deigma 1.4.5 H akoloujÐa

an = 1 +
1
2

+
1
3

+ · · ·+ 1
n

den eÐnai Cauchy. Pr�gmati gia k�je n ∈ N,

|a2n − an| = 1
2n

+
1

2n− 1
+ · · ·+ 1

n + 1
≥ n

1
2n

=
1
2
.

An h {an}  tan akoloujÐa Cauchy, tìte gia ε = 1
3 , ja up rqe no ∈ N tètoio

¸ste |a2no − ano | < 1
3 . 'Atopo. 'Ara h {an} den sugklÐnei se pragmatikì

arijmì.

1.5 OriakoÐ arijmoÐ akoloujÐac

Orismìc 1.5.1 Lème ìti o epektetamènoc arijmìc x ∈ R ∪ {+∞,−∞} eÐnai
oriakìc arijmìc thc akoloujÐac {an} an up�rqei upakoloujÐa {ank

} thc
{an} me limk→∞ ank

= x.

Par�deigma 1.5.2 H akoloujÐa me ìrouc

1,−1, 1,−1, 1,−1, . . .

èqei akrib¸c dÔo oriakoÔc arijmoÔc, to 1 kai to −1.
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Par�deigma 1.5.3 'Estw {an} h akoloujÐa me ìrouc

1, 2, 1, 2, 3, 1, 2, 3, 1, 2, 3, 4, . . .

K�je fusikìc arijmìc eÐnai oriakìc arijmìc t c {an}. EpÐshc up�rqei up-
koloujÐa t c {an} pou sugklÐnei sto +∞. 'Ara kai to +∞ eÐnai oriakìc
arijmìc t c {an}. EÔkola faÐnetai ìti h {an} den èqei �llouc oriakoÔc arij-
moÔc. Epomènwc to sÔnolo twn oriak¸n arijm¸n t c {an} eÐnai to N ∪ {∞}.

Parat rhsh 1.5.4 An mi� akoloujÐa sugklÐnei sto ` ∈ R∪{∞,−∞}, tìte
k�je upakoloujÐa thc sugklÐnei sto `. 'Ara h akoloujÐa èqei mìno ènan oriakì
arijmì, to `.

Parat rhsh 1.5.5 Mi� akoloujÐa {an} èqei èna toul�qiston oriakì ari-
jmì. Pr�gmati �n h {an} eÐnai fragmènh tìte èqei èna toul�qiston pragmatikì
oriakì arijmì, lìgw toÔ Jewr matoc 1.3.3. An h {an} den eÐnai fragmènh
tìte, lìgw t c Prìtashc 1.3.5, èna toul�qiston apì ta +∞,−∞ eÐnai ori-
akìc arijmìc t c {an}.

Je¸rhma 1.5.6 'Estw {an} mi� akoloujÐa pragmatik¸n arijm¸n. JewroÔme
to sÔnolo K ìlwn twn oriak¸n arijm¸n thc {an}.
(a) An h {an} eÐnai fragmènh, tìte tì K eÐnai mh kenì, fragmèno sÔnolo pou
èqei mègisto kai el�qisto.
(b) An h {an} den eÐnai oÔte �nw fragmènh oÔte k�tw fragmènh, tìte−∞ ∈ K
kai +∞ ∈ K.
(g) An h {an} eÐnai �nw fragmènh all� ìqi k�tw fragmènh, tìte −∞ ∈ K,
∞ /∈ K kai to sÔnolo K \ {−∞} eÐte eÐnai to kenì, eÐte eÐnai �nw fragmèno
sÔnolo pragmatik¸n arijm¸n pou èqei mègisto.
(d) An h {an} eÐnai k�tw fragmènh all� ìqi �nw fragmènh, tìte ∞ ∈ K,
−∞ /∈ K kai to sÔnolo K \ {∞} eÐte eÐnai to kenì, eÐte eÐnai k�tw fragmèno
sÔnolo pragmatik¸n arijm¸n pou èqei el�qisto.
Apìdeixh.
(a) To K eÐnai mh kenì lìgw tou Jewr matoc Bolzano-Weierstrass. Epeid 
h {an} eÐnai fragmènh, up�rqei M > 0 tètoio ¸ste |an| ≤ M, ∀n ∈ N.
An x ∈ K, tìte up�rqei upakoloujÐa {ank

} thc {an} me ank
→ x. 'Omwc

−M ≤ ank
≤ M, ∀k ∈ N. 'Ara −M ≤ x ≤ M . Epomènwc to K eÐnai

fragmèno sÔnolo.
Jètoume supK = a ∈ R. Ja deÐxoume ìti a ∈ K. Gia k ∈ N, to a− 1/k

den eÐnai �nw fr�gma toÔ K. 'Ara up�rqei `k ∈ K me

a− 1
k

< `k ≤ a.
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Epomènwc se kajèna apì ta diast mata (a−1/k, a], k ∈ N, up�rqoun �peiroi
ìroi t c {an}. Kataskeu�zoume upakoloujÐa {ank

} wc ex c: 'Estw

n1 = min{n ∈ N : an ∈ (a− 1, a]},

n2 = min{n > n1 : an ∈ (a− 1/2, a]}
kai epagwgik�

nk = min{n > nk−1 : an ∈ (a− 1/k, a]}

Tìte a− 1/k < ank
≤ a ki epomènwc ank

→ a. 'Ara a ∈ K kai a = maxK.
Me an�logo trìpo apodeiknÔetai ìti inf K = min K.

(b) Lìgw t c Prìtashc 1.3.5, h {an} èqei duì upakoloujÐec pou sugklÐ-
noun sto ∞ kai sto −∞ antÐstoiqa. 'Ara ∞,−∞ ∈ K.

(g) 'Estw ìti h {an} eÐnai �nw fragmènh apì to M ∈ R kai den eÐnai k�tw
fragmènh. Apì thn Prìtash 1.3.5, isqÔei −∞ ∈ K. 'Estw ` ∈ K \ {−∞}.
Tìte up�rqei upakoloujÐa anj → `. Profan¸c ` ≤ M . 'Ara to M eÐnai �nw
fr�gma toÔ K \ {−∞}. H apìdeixh ìti to K \ {−∞} (ìtan den eÐnai kenì)
èqei mègisto eÐnai Ðdia me thn antÐstoiqh apìdeixh sto (a).

(d) H apìdeixh eÐnai parìmoia me toÔ (g). ¤
Q�rh sto je¸rhma pou mìlic apodeÐxame mporoÔme t¸ra na d¸soume ton

akìloujo orismì.

Orismìc 1.5.7 'Estw {an} mi� akoloujÐa.
(a) An h {an} eÐnai fragmènh, tìte: O megalÔteroc oriakìc arijmìc thc
onom�zetai an¸tero ìrio t c {an} kai sumbolÐzetai me lim sup an. O mikrìteroc
oriakìc arijmìc thc onom�zetai kat¸tero ìrio t c {an} kai sumbolÐzetai
me lim inf an.
(b) An h {an} den eÐnai oÔte �nw fragmènh oÔte k�tw fragmènh , jètoume
lim sup an = +∞ kai lim inf an = −∞.
(g) An h {an} eÐnai �nw fragmènh all� ìqi k�tw fragmènh, tìte lim inf an =
−∞. An to−∞ eÐnai o monadikìc oriakìc arijmìc t c {an}, tìte lim sup an =
−∞. An h {an} èqei ki �llouc oriakoÔc arijmoÔc, tìte to lim sup an eÐnai o
megalÔteroc oriakìc arijmìc t c {an}.
(d) An h {an} eÐnai k�tw fragmènh all� ìqi �nw fragmènh, tìte lim sup an =
∞. An to ∞ eÐnai o monadikìc oriakìc arijmìc t c {an}, tìte lim inf an =
∞. An h {an} èqei ki �llouc oriakoÔc arijmoÔc, tìte to lim inf an eÐnai o
mikrìteroc oriakìc arijmìc t c {an}.
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Me suntomÐa mporoÔme na poÔme ìti to lim sup an eÐnai o megalÔteroc
oriakìc arijmìc t c {an} kai to lim inf an eÐnai o mikrìteroc oriakìc arijmìc
t c {an}.

Par�deigma 1.5.8 H akoloujÐa

1,−1, 2,−2, 3,−3, . . .

den eÐnai oÔte �nw, oÔte k�tw fragmènh. IsqÔei K = {∞,−∞}, lim sup an =
∞, lim inf an = −∞.

Par�deigma 1.5.9 Gia thn akoloujÐa

1, 2, 3, . . .

isqÔei K = {∞} kai lim sup an = lim inf an = lim an = ∞.

Par�deigma 1.5.10 H akoloujÐa

an = 2(−1)n +
1
2n

eÐnai fragmènh kai èqei akrib¸c dÔo oriakoÔc arijmìuc: to 2 kai to −2 (diìti
isqÔei a2n → 2 kai a2n−1 → −2). Epomènwc

lim sup an = 2, lim inf an = −2.

Par�deigma 1.5.11 To sÔnoloQ twn rht¸n arijm¸n eÐnai arijm simo. 'Est-
w {q1, q2, . . . } mia arÐjmhs  tou. JewroÔme thn akoloujÐa {qn}∞n=1 h opoÐa
den eÐnai oÔte �nw, oÔte k�tw fragmènh. 'Ara

lim sup qn = +∞, lim inf qn = −∞.

Je¸rhma 1.5.12 'Estw {an} fragmènh akoloujÐa kai èstw x ∈ R. Tìte
(i) x ≤ lim sup an an kai mìno an gia k�je ε > 0 to {n ∈ N : x − ε < an}
eÐnai �peiro.
(ii) x ≥ lim sup an an kai mìno an gia k�je ε > 0 to {n ∈ N : x + ε < an}
eÐnai peperasmèno.
(iii) x ≥ lim inf an an kai mìno an gia k�je ε > 0 to {n ∈ N : an < x + ε}
eÐnai �peiro.
(iv) x ≤ lim inf an an kai mìno an gia k�je ε > 0 to {n ∈ N : an < x − ε}
eÐnai peperasmèno.
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Apìdeixh.
Ja apodeÐxoume mìno to (i). H apìdeixh twn (ii), (iii) kai (iv) eÐnai an�logh.
Gi� thn apìdeixh toÔ (i) jètoume a = lim sup an.

Upìjètoume pr¸ta ìti x ≤ a kai paÐrnoume tuqaÐo ε > 0. Up�rqei up-
akoloujÐa {ank

} me ank
→ a. 'Ara up�rqei ko ∈ N tètoioc ¸ste gia k�je

k ≥ ko,
ank

> a− ε ≥ x− ε.

'Epetai ìti to sÔnolo {n ∈ N : x− ε < an} eÐnai �peiro.
Antistrìfwc, upojètoume ìti gia k�je ε > 0 to {n ∈ N : x−ε < an} eÐnai

�peiro, dhlad  �peiroi ìroi thc akoloujÐac eÐnai megalÔteroi apì to x−ε. 'Ara
up�rqei mi� upakoloujÐa {ank

} me ank
> x−ε, ∀k ∈ N. To Je¸rhma Bolzano-

Weierstrass sunep�getai ìti up�rqei upakoloujÐa t c {ank
} pou sugklÐnei se

èna arijmì `. Tìte isqÔei x − ε ≤ ` ≤ a. Epeid  to ε eÐnai tuqaÐoc jetikìc
arijmìc, èpetai ìti x ≤ a. ¤

Je¸rhma 1.5.13 DÐnontai mia akoloujÐa {an} kai ènac arijmìc ` ∈ R. Ta
akìlouja eÐnai isodÔnama:
(a) lim an = `.
(b) lim sup an = lim inf an = `.
(g) K�je upakoloujÐa t c {an} sugklÐnei sto `.

Apìdeixh.
(g)⇒ (a): H {an} eÐnai upakoloujÐa toÔ eautoÔ thc. 'Ara an → `.
(a)⇒ (g): 'Estw ìti an → ` kai èstw ε > 0. JewroÔme mi� upakoloujÐa
{ank

} t c {an}. Epeid  an → `, ja up�rqei no ∈ N tètoio ¸ste |an − `| < ε
gia k�je n ≥ no. An k ≥ no, tìte nk ≥ k ≥ no. 'Ara |ank

− `| < ε. 'Ara
ank

→ `.
(g)⇒ (b): Epeid  to lim sup an eÐnai oriakìc arijmìc t c {an}, ja up�r-
qei upakoloujÐa {ank

} me ank
→ lim sup an. Lìgw toÔ (g), ja èqoume

lim sup an = `. ParomoÐwc lim inf an = `.
(b)⇒ (a): ParathroÔme pr¸ta ìti epeid  to lim sup an kai to lim inf an eÐnai
pragmatikoÐ arijmoÐ, h akoloujÐa {an} eÐnai fragmènh. 'Estw ε > 0. Apì to
Je¸rhma 1.5.12, sumperaÐnoume ìti to sÔnolo

{n ∈ N : an > ` + ε} ∪ {n ∈ N : an < `− ε}

eÐnai peperasmèno. Epomènwc up�rqei no ∈ N tètoio ¸ste gia k�je n ≥ no,
isqÔei `− ε < an < ` + ε. Autì shmaÐnei ìti an → `. ¤

Je¸rhma 1.5.14 'Estw {an} fragmènh akoloujÐa.
(i) Jètoume bn = sup{ak : k ≥ n}. Tìte lim sup an = inf{bn : n ∈ N} =

17



lim bn.
(ii) Jètoume cn = inf{ak : k ≥ n}. Tìte lim inf an = sup{cn : n ∈ N} =
lim cn.
Apìdeixh.
H {bn} eÐnai fjÐnousa akoloujÐa. 'Ara bn → inf bn := b. Prèpei na deÐxoume
ìti lim sup an = b.

Up�rqei upakoloujÐa {ank
} thc {an} me ank

→ lim sup an. 'Omwc ank
≤

bnk
kai bnk

→ b. 'Ara

lim sup an = lim ank
≤ lim bnk

= b.

Gia thn antÐstrofh anisìthta ja efarmìsoume to (i) toÔ Jewr matoc
1.5.12. 'Estw ε > 0. Epeid  bn → b, up�rqei no ∈ N tètoioc ¸ste

(1.4) bn > b− ε, ∀n ≥ no.

Eidikìtera
bno = sup{ak : k ≥ no} > b− ε.

'Ara up�rqei k1 ≥ no tètoio ¸ste ak1 > b − ε. Efarmìzoume t¸ra thn (1.4)
gia n = k1 + 1 kai paÐrnoume

bk1+1 = sup{ak : k ≥ k1 + 1} > b− ε.

'Ara up�rqei k2 ≥ k1 + 1 tètoio ¸ste ak2 > b − ε. SuneqÐzontac ètsi
kataskeu�zoume upakoloujÐa {akj} thc {ak} me akj > b − ε. 'Ara to sÔno-
lo {n ∈ N : an > b − ε} eÐnai �peiro. Apì to (i) toÔ Jewr matoc 1.5.12,
lim sup an ≥ b. 'Etsi to (i) apodeÐqthke. To (ii) apodeiknÔetai me parìmoio
trìpo. ¤

Prìtash 1.5.15 'Estw {an} mi� akoloujÐa me an > 0, ∀n ∈ N. IsqÔei

lim inf
an+1

an
≤ lim inf n

√
an ≤ lim sup n

√
an ≤ lim sup

an+1

an
.

Apìdeixh.
Ja apodeÐxoume mìno thn pr¸th anisìthta; h trÐth apodeiknÔetai me parìmoio
trìpo kai h mesaÐa eÐnai profan c. 'Estw

a := lim inf
an+1

an
.

Profan¸c a ≥ 0. An a = 0, tìte h anisìthta eÐnai profan c. Upojètoume
loipìn ìti a > 0; (to a mporeÐ na eÐnai kai ∞). PaÐrnoume arijmì b me
0 < b < a. Up�rqei N ∈ N tètoio ¸ste

ak+1

ak
> b, ∀k ≥ N.
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Pollaplasi�zoume kat� mèlh tic parap�nw anisìthtec gia k = N, N+1, . . . , n−
1 kai prokÔptei ìti gia k�je n > N ,

an

aN
> bn−N .

PaÐrnoume n-stèc rÐzec kai brÐskoume: n
√

an > b n
√

b−NaN . 'Ara

lim inf n
√

an ≥ lim inf b
n
√

b−NaN = b.

Tèloc paÐrnoume ìria gia b → a kai prokÔptei

lim inf n
√

an ≥ a = lim inf
an+1

n
.

¤

Par�deigma 1.5.16 'Estw

an =

{
1, n perittìc,
2n, n �rtioc.

Tìte
an+1

an
=

{
2n+1, n perittìc,
1
2n , n �rtioc.

kai
n
√

an =

{
1, n perittìc,
2, n �rtioc.

'Ara
lim inf

an+1

an
= 0, lim inf n

√
an = 1

kai
lim sup n

√
an = 2 lim sup

an+1

an
= +∞.

Par�deigma 1.5.17 Efarmìzoume thn Prìtash 1.5.15 sthn akoloujÐa an =
n. IsqÔei

lim
an+1

an
= lim

(
1 +

1
n

)
= 1.

SumperaÐnoume ìti lim n
√

n = 1.
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Par�deigma 1.5.18 Efarmìzoume thn Prìtash 1.5.15 sthn akoloujÐa

an =
nn

n!
.

IsqÔei

lim
an+1

an
= lim

(
1 +

1
n

)n

= e.

SumperaÐnoume ìti
lim

n
n
√

n!
= e.

1.6 Ask seic
1.6.1 DeÐxte ìti k�je mh kenì uposÔnolo toÔ N èqei el�qisto.
Upìdeixh: Epagwg .

1.6.2 'Estw E èna fragmèno uposÔnolo toÔ R me dÔo toul�qiston shmeÐa. DeÐxte
ìti:
(a) −∞ < inf E < supE < +∞.
(b) An to A eÐnai mh kenì uposÔnolo toÔ E, deÐxte ìti

inf E ≤ inf A ≤ supA ≤ sup E.

1.6.3 'Estw A ⊂ R èna mh kenì sÔnolo. OrÐzoume −A = {x : −x ∈ A}. DeÐxte
ìti

sup(−A) = − inf A, inf(−A) = − supA.

1.6.4 DÐnontai dÔo mh ken� sÔnola A kai B sto R. OrÐzoume

A + B = {x + y : x ∈ A, y ∈ B},
A−B = {x− y : x ∈ A, y ∈ B},
A ·B = {xy : x ∈ A, y ∈ B}.

DeÐxte ìti

sup(A + B) = supA + sup B, kai sup(A−B) = sup A− inf B.

An epiplèon A,B ⊂ {x ∈ R : x > 0} tìte

sup(A ·B) = (sup A) · (sup B).

1.6.5 Gi� A, B ⊂ R, deÐxte ìti

sup(A ∪B) = max{supA, supB} kai inf(A ∪B) = min{inf A, inf B}.
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1.6.6 Gia E ⊂ R kai t ∈ R, orÐzome tE := {tx : x ∈ E}. DeÐxte ìti:
(a) An t ≥ 0, tìte sup(tE) = t sup E kai inf(tE) = t inf E.
(b) An t < 0, tìte sup(tE) = t inf E kai inf(tE) = t sup E.

1.6.7 An f, g eÐnai duì pragmatikèc sunart seic orismènec sto E, deÐxte ìti

inf
E

(f + g) ≥ inf
E

f + inf
E

g kai sup
E

(f + g) ≤ sup
E

f + sup
E

g.

1.6.8 An S kai T eÐnai duì uposÔnola toÔ R kai s ≤ t gia k�je s ∈ S kai t ∈ T ,
deÐxte ìti sup S ≤ inf T .

1.6.9 BreÐte to �nw kai to k�tw pèrac twn parak�tw sunìlwn.
(a) A = {2−p + 3−q + 5−r : p, q, r ∈ N}.
(b) B = {x : 3x2 − 10x + 3 < 0}.
(g) C = {x : (x− a)(x− b)(x− c)(x− d) < 0}.

1.6.10 DeÐxte ìti
sup{x ∈ Q : x > 0, x2 < 2} =

√
2.

1.6.11 BreÐte to sup kai to inf twn parak�tw sunìlwn.

A =
{

2(−1)n+1 + (−1)
n(n+1)

2

(
2 +

3
n

)
: n ∈ N

}
,

B =
{

n− 1
n + 1

cos
2nπ

3
: n ∈ N

}
.

1.6.12 BreÐte to sup kai to inf toÔ sunìlou

A = {0.2, 0.22, 0.222, . . . }.

1.6.13 BreÐte to supA kai to inf A ìpou A eÐnai to sÔnolo twn arijm¸n toÔ (0, 1)
oi opoÐoi èqoun dekadik  par�stash poÔ èqei mìno ta yhfÐa 0 kai 1. BreÐte epÐshc
ta maxA kai min A efìson up�rqoun.

1.6.14 BreÐte ta sup A, inf A kai ta max A, min A (efìson up�rqoun), ìpou

A =
{m

n
: m, n ∈ N, m < 2n

}
.

1.6.15 UpologÐste ta

sup{x ∈ R : x2 + x + 1 > 0},
inf{x + x−1 : x > 0},
inf{2x + 2

1
x : x > 0}.
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1.6.16 BreÐte ta sup kai inf twn parak�tw sunìlwn.

A =
{

m

n
+

4n

m
: m,n ∈ N

}
,

B =
{

mn

4m2 + n2
: m ∈ Z, n ∈ N

}
,

C =
{

m

m + n
: m,n ∈ N

}
,

D =
{

m

|m|+ n
: m ∈ Z, n ∈ N

}
,

E =
{

mn

1 + m + n
: m,n ∈ N

}
.

1.6.17 DeÐxte ìti h sqèsh ∼ eÐnai sqèsh isodunamÐac.

1.6.18 ApodeÐxte tic Prot�seic 1.2.10 kai 1.2.11.

1.6.19 DeÐxte ìti èna sÔnolo eÐnai �peiro an kai mìno an eÐnai isodÔnamo me èna
gn sio uposÔnolì tou.

1.6.20 DeÐxte ìti an A,B eÐnai dÔo to polÔ arijm sima sÔnola, tìte to A × B
eÐnai to polÔ arijm simo.

1.6.21 DÐnontai dÔo xèna sÔnola A kai B. DeÐxte ìti an to A eÐnai to polÔ
arijm simo kai to B eÐnai �peiro sÔnolo, tìte A ∪B ∼ B.

1.6.22 DeÐxte ìti to di�sthma (0, 1) eÐnai isodÔnamo me to sÔnolo ìlwn twn sunart -
sewn f : N→ {0, 1}.

1.6.23 DeÐxte ìti k�je sÔnolo xènwn an� dÔo anoikt¸n diasthm�twn eÐnai to polÔ
arijm simo.

1.6.24 DeÐxte ìti to sÔnolo twn kÔklwn sto epÐpedo me rht  aktÐna kai kèntra
poÔ èqoun rhtèc suntetagmènec eÐnai arijm simo.

1.6.25 DeÐxte ìti to sÔnolo twn poluwnÔmwn me akèraiouc suntelestèc eÐnai ari-
jm simo.

1.6.26 'Enac arijmìc onom�zetai algebrikìc an eÐnai rÐza enìc poluwnÔmou me
akèraiouc suntelestèc. DeÐxte ìti to sÔnolo twn algebrik¸n arijm¸n eÐnai ari-
jm simo.

1.6.27 DeÐxte ìti k�je di�sthma perièqei �rrhtouc arijmoÔc kai m�lista to sÔnolo
twn �rrhtwn se k�je di�sthma eÐnai uperarijm simo.

22



1.6.28 DeÐxte ìti an to A eÐnai uperarijm simo kai to B eÐnai to polÔ arijm simo
uposÔnolo toÔ A, tìte A \B ∼ A.

1.6.29? (Je¸rhma toÔ Cantor). To dunamosÔnolo P(A) enìc sunìlou A eÐnai to
sÔnolo ìlwn twn uposunìlwn toÔ A. DeÐxte ìti kanèna sÔnolo den eÐnai isodÔnamo
me to dunamosÔnolì tou.

1.6.30 DeÐxte ìti an mi� akoloujÐa {an} sugklÐnei sto ` ∈ R, tìte k�je upakolou-
jÐa thc sugklÐnei sto `.

1.6.31 'Estw {an} mi� akoloujÐa. DeÐxte ìti an → ` an kai mìno an oi upakolou-
jÐec {a2k} kai {a2k−1} sugklÐnoun sto ` ∈ R. (` ∈ R ∪ {+∞,−∞}).

1.6.32 DeÐxte ìti h akoloujÐa

an =
arctan 1

2
+

arctan 2
22

+ · · ·+ arctan n

2n

eÐnai Cauchy.

1.6.33 DÐnontai dÔo akoloujÐec {an} kai {bn} kai ènac fusikìc N . An an ≤ bn

gia k�je n ≥ N , deÐxte ìti

lim inf an ≤ lim inf bn kai lim sup an ≤ lim sup bn.

1.6.34 DeÐxte ìti an mi� akoloujÐa èqei monadikì oriakì arijmì `, tìte an → `.

1.6.35 An {an}, {bn} eÐnai dÔo fragmènec akoloujÐec, deÐxte ìti

lim inf an + lim inf bn ≤ lim inf(an + bn) ≤ lim inf an + lim sup bn

≤ lim sup(an + bn) ≤ lim sup an + lim sup bn.

1.6.36 An {an}, {bn} eÐnai dÔo fragmènec akoloujÐec me jetikoÔc ìrouc, deÐxte
ìti

lim inf an · lim inf bn ≤ lim inf(anbn) ≤ lim inf an · lim sup bn

≤ lim sup(anbn) ≤ lim sup an · lim sup bn.

1.6.37 DÐnontai dÔo akoloujÐec {an}, {bn}. An h {an} sugklÐnei, deÐxte ìti

lim sup(an + bn) = lim an + lim sup bn

kai
lim inf(an + bn) = lim an + lim inf bn.
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1.6.38 'Estw {an} mi� akoloujÐa. DeÐxte ìti

lim sup(−an) = − lim inf an

kai
lim inf(−an) = − lim sup an.

1.6.39 ApodeÐxte to Je¸rhma 1.5.14 qwrÐc thn upìjesh ìti h {an} eÐnai fragmènh.

1.6.40 DeÐxte ìti mi� akoloujÐa {an} sugklÐnei (se arijmì   se èna apì ta ±∞)
an kai mìno an lim sup an = lim inf an.

1.6.41 BreÐte to an¸tero kai to kat¸tero ìrio twn parak�tw akolouji¸n:
(a) {2(−1)n + 1

n!}, (b) {3 + (−1)n

n }.

1.6.42 BreÐte to sÔnolo twn oriak¸n arijm¸n gia kajemi� apì tic parak�tw
akoloujÐec.

an = n
√

4(−1)n + 2,

bn =
(1− (−1)n)2n + 1

2n + 3
,

cn =
(1 + cos nπ) log(3n) + log n

log(2n)
,

dn =
(
cos

nπ

3

)n

.

1.6.43 UpologÐste ta lim sup kai lim inf gia kajemi� apì tic parak�tw akoloujÐec:

an = (−1)nn,

bn = n(−1)nn,

cn = 1 + n sin
nπ

2
,

dn =
(

1 +
1
n

)n

(−1)n + sin
nπ

4
,

en = n
√

1 + 2n(−1)n .

1.6.44 Gia mi� akoloujÐa {an}, oi upakoloujÐec {a2k}, {a2k+1}, kai {a3k} sugk-
lÐnoun. DeÐxte ìti h {an} sugklÐnei.

1.6.45 'Estw {an} fragmènh akoloujÐa kai èstw x ∈ R. DeÐxte ìti lim sup an = x
an kai mìno an gia k�je ε > 0, �peiroi ìroi thc akoloujÐac eÐnai megalÔteroi apì
x− ε kai peperasmènou pl jouc ìroi eÐnai megalÔteroi apì x + ε. Diatup¸ste kai
apodeÐxte an�logh prìtash gia to kat¸tero ìrio.

1.6.46 An to limn→∞ an up�rqei (wc pragmatikìc arijmìc), deÐxte ìti h akoloujÐa
{an} eÐnai fragmènh kai isqÔei infn an ≤ limn→∞ an ≤ sup an.
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1.6.47 An In = [an, bn], n ∈ N, eÐnai kleist� diast mata me I1 ⊃ I2 ⊃ I3 ⊃ . . .
kai limn→∞(bn−an) = 0, tìte apì thn Arq  toÔ KibwtismoÔ, up�rqei x ∈ R tètoio
¸ste ∩∞n=1In = {x}. JewroÔme mi� akoloujÐa {xn} me xn ∈ In, ∀n ∈ N. DeÐxte
ìti limn→∞ xn = x.

1.6.48 DeÐxte ìti an lim an = l ∈ R, tìte to sÔnolo {l, a1, a2, . . . } èqei mègisto
kai el�qisto.

1.6.49 'Estw A èna mh kenì, k�tw fragmèno uposÔnolo toÔ R. DeÐxte ìti inf A =
s ∈ R an kai mìno an to s eÐnai k�tw fr�gma toÔ A kai up�rqei akoloujÐa {an} ⊂ A
me an → s.
Diatup¸ste kai apodeÐxte an�logh prìtash gia to �nw pèrac.

1.6.50 'Estw {an} mia akoloujÐa h opoÐa den èqei mègisto kai èstw S = sup an ∈
R ∪ {∞}. DeÐxte ìti up�rqei upakoloujÐa {ank

} me ank
→ S.

Diatup¸ste kai apodeÐxte an�logh prìtash gia to k�tw pèrac.

1.6.51? DeÐxte ìti to sÔnolo twn oriak¸n arijm¸n t c akoloujÐac an = sin n
eÐnai to di�sthma [−1, 1].

1.6.52 'Estw {q1, q2, . . . } mi� arÐjmhsh toÔ Q. BreÐte to sÔnolo twn oriak¸n
arijm¸n t c akoloujÐac {qn}.

1.6.53 Swstì   L�joc?
(a) An {an} eÐnai mi� aÔxousa akoloujÐa, tìte k�je upakoloujÐa thc eÐnai aÔxousa.
(b) Up�rqei akoloujÐa pou èqei �peirouc sto pl joc oriakoÔc arijmoÔc.
(g) An h {bn} eÐnai upakoloujÐa thc {an} kai h {cn} eÐnai upakoloujÐa thc {bn},
tìte h {cn} eÐnai upakoloujÐa thc {an}.

1.6.54 DÐnetai mi� akoloujÐa {an}. OrÐzoume thn akoloujÐa {bn} jètontac

bn =
a1 + a2 + · · ·+ an

n
.

(a) DeÐxte ìti an an → a, tìte bn → a.
(b) Swstì   L�joc? An bn → a, tìte an → a.
(g)? DeÐxte ìti an bn → a kai h {an} eÐnai aÔxousa, tìte an → a.
(d)? DeÐxte ìti

lim inf an ≤ lim inf bn ≤ lim sup bn ≤ lim sup an.

1.6.55? DeÐxte ìti an k�je upakoloujÐa {ank
} mi�c akoloujÐac {an} èqei up-

akoloujÐa {ankj
} sugklÐnousa sto `, tìte an → `.

1.6.56? DeÐxte ìti k�je akoloujÐa èqei toul�qiston mÐa monìtonh upakoloujÐa.
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1.6.57? DÐnetai mi� akoloujÐa {an} pou èqei thn idiìthta an+1− an → 0. Upojè-
toume ìti h {an} èqei dÔo oriakoÔc arijmoÔc a, b me a < b. DeÐxte ìti k�je arijmìc
tou diast matoc [a, b] eÐnai oriakìc arijmìc thc {an}.

1.6.58? 'Estw {an} fragmènh akoloujÐa kai èstw x ∈ R. DeÐxte ìti an k�je
sugklÐnousa upakoloujÐa t c {an} sugklÐnei sto x, tìte an → x.

1.6.59 Gia to perÐblhma E toÔ E isqÔei

supE = sup E kai inf E = inf E.

1.6.60 O arijmìc x ∈ R eÐnai oriakìc arijmìc thc akoloujÐac {an} an kai mìno
an gia k�je ε > 0 kai gia k�je m ∈ N, up�rqei n ≥ m tètoio ¸ste |an − x| < ε.

1.7 Shmei¸seic
Mi� piì pl rhc eisagwg  stouc pragmatikoÔc arijmoÔc mporeÐ na brejeÐ sta biblÐa
[1], [4], [5], [9]. H kataskeu  toÔ R me tic tomèc Dedekind up�rqei sta biblÐa [4] kai
[7].

Ta arijm sima kai uperarijm sima sÔnola eis qjhkan apì ton jemeliwt  thc
JewrÐac Sunìlwn, G.Cantor. Perissìtera sqetik� jewr mata up�rqoun sta biblÐa
[2], [8], kaj¸c kai sto biblÐo [A.N.Kolmogorov and S.V.Fomin, Introductory Real
Analysis, Dover, 1975].

Oi ènnoiec thc akoloujÐac kai thc upakoloujÐac paÐzoun polÔ shmantikì rìlo
se ìlouc touc kl�douc thc An�lushc. Gia perissìtera paradeÐgmata kai ask -
seic parapèmpoume sta [7], [9]. O R.M.Dudley [Real Analysis and Probability,
Wadsworth, 1989] shmei¸nei ìti apìdeixh toÔ Jewr matoc Bolzano-Weierstrass de
brèjhke sta grapt� toÔ Bolzano. Sta biblÐa TopologÐac o anagn¸sthc mporeÐ na
breÐ genikìterec diatup¸seic toÔ Jewr matoc autoÔ; gia par�deigma: K�je akolou-
jÐa se èna sumpag  metrikì q¸ro èqei sugklÐnousa upakoloujÐa.
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Kef�laio 2

Seirèc pragmatik¸n arijm¸n

2.1 SÔgklish seir¸n

Orismìc 2.1.1 'Estw {an}∞n=1 mi� akoloujÐa pragmatik¸n arijm¸n. Jew-
roÔme thn akoloujÐa {sn}∞n=1 me

sn = a1 + a2 + · · ·+ an.

H akoloujÐa {sn} onom�zetai akoloujÐa twn merik¸n ajroism�twn t c
seir�c

∑∞
n=1 an. An sn → s ∈ R, tìte lème ìti h seir�

∑∞
n=1 an sugklÐnei

ston arijmì s kai gr�foume

s =
∞∑

n=1

an.

O arijmìc s onom�zetai �jroisma thc seir�c. An sn → +∞   sn → −∞,
tìte lème ìti h seir�

∑∞
n=1 an sugklÐnei sto +∞   sto −∞ kai gr�foume
∞∑

n=1

an = +∞   −∞.

An mi� seir� sugklÐnei se pragmatikì arijmì, lème ìti h seir� sugklÐnei. An
mi� seir� den sugklÐnei se pragmatikì arijmì, lème ìti h seir� apoklÐnei.

Pollèc forèc asqoloÔmaste kai me seirèc thc morf c
∑∞

n=N an, ìpou
N ∈ Z. Tìte gia n ≥ N , orÐzoume sn = aN + aN+1 + · · · + an. Lème ìti h
seir� sugklÐnei an h sn sugklÐnei.

Genik� eÐnai dÔskolo na upologÐsoume to �jroisma mi�c seir�c. Se pollèc
peript¸seic arkeÐ na prosdiorÐsoume an mi� seir� sugklÐnei   apoklÐnei. An
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mi� seir�
∑∞

n=1 an sugklÐnei, tìte eÔkola apodeiknÔetai ìti lim an = 0. To
antÐstrofo den isqÔei. Efarmìzontac to krit rio Cauchy (Je¸rhma 1.4.4)
sthn akoloujÐa {sn} prokÔptei �mesa to akìloujo je¸rhma.

Je¸rhma 2.1.2 H seir�
∑∞

n=1 an sugklÐnei an kai mìno an gia k�je ε > 0,
up�rqei no ∈ N tètoio ¸ste

∣∣∣
m∑

k=n+1

ak

∣∣∣ < ε, ∀m ≥ n ≥ no.

An an ≥ 0,∀n ∈ N, tìte h akoloujÐa {sn} twn merik¸n ajroism�twn eÐnai
aÔxousa. Epomènwc apì to Je¸rhma 1.1.20 prokÔptei to parak�tw je¸rhma.

Je¸rhma 2.1.3 Upojètoume ìti an ≥ 0, ∀n ∈ N. H seir�
∑∞

n=1 an sugklÐnei
an kai mìno an h akoloujÐa twn merik¸n ajroism�twn {sn} eÐnai fragmènh.

Par�deigma 2.1.4 (H gewmetrik  seir�) Gi� x ∈ R jewroÔme th seir�∑∞
n=0 xn; dhlad  an = xn, n = 0, 1, . . . . IsqÔei

(1− x)
n∑

k=0

xk =
n∑

k=0

(xk − xk+1) = 1− xn+1.

'Ara

sn = 1 + x + x2 + · · ·+ xn =

{
1−xn+1

1−x , x 6= 1,

n + 1, x = 1.

An x = 1, tìte sn = n + 1 → +∞. An x = −1, h {sn} den sugklÐnei kai
m�lista isqÔei lim sup sn = 1 kai lim inf sn = 0. An x < −1, tìte h {sn} de
sugklÐnei kai m�lista isqÔei lim sup sn = +∞ kai lim inf sn = −∞.

H piì endiafèrousa perÐptwsh eÐnai ìtan −1 < x < 1. Tìte sn → 1
1−x .

'Ara
∞∑

n=0

xn =
1

1− x
, −1 < x < 1.

Orismìc 2.1.5 Lème ìti mi� seir�
∑∞

n=1 an sugklÐnei apolÔtwc an h seir�∑∞
n=1 |an| sugklÐnei.

EÔkola apodeiknÔetai ìti an mi� seir� sugklÐnei apolÔtwc, tìte sugklÐnei.
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2.2 Krit ria sÔgklishc seir¸n

Je¸rhma 2.2.1 (Krit rio toÔ oloklhr¸matoc) Upojètoume ìti h sun�rthsh
f : [m,∞) → [0,∞), m ∈ N eÐnai fjÐnousa. Tìte h seir�

∑∞
n=m f(n) sugk-

lÐnei an kai mìno an to genikeumèno olokl rwma
∫∞
m f(x) dx sugklÐnei.

Apìdeixh.
Jètoume

S(x) :=
∫ x

m
f, x ∈ [m,∞)

kai

sn =
n∑

k=m

f(k), n ≥ m.

Epeid  h f eÐnai fjÐnousa, ja èqoume gia k�je k ≥ m

f(k + 1) ≤
∫ k+1

k
f ≤ f(k).

Prosjètontac tic pr¸tec anisìthtec apì k = m èwc k = n− 1 prokÔptei

sn − f(m) ≤
∫ n

m
f = S(n), n ≥ m.

Prosjètontac tic deÔterec anisìthtec apì k = m èwc k = n prokÔptei

S(n + 1) =
∫ n+1

m
f ≤ sn, n ≥ m.

'Ara S(n+1) ≤ sn ≤ S(n)+f(m), ∀n ≥ m. Apì tic anisìthtec autèc èpetai
ìti h akoloujÐa {sn} eÐnai �nw fragmènh an kai mìno an h sun�rthsh S eÐnai
�nw fragmènh. Epeid  ∫ ∞

m
f = lim

x→∞S(x),

sumperaÐnoume ìti h seir�
∑∞

n=m f(n) sugklÐnei an kai mìno an to genikeumèno
olokl rwma

∫∞
m f(x) dx sugklÐnei. ¤

Par�deigma 2.2.2 Qrhsimopoi¸ntac th sun�rthsh

f(x) =
1
xp

, x ∈ [1,∞)

sto krit rio toÔ oloklhr¸matoc eÔkola brÐskoume ìti h h seir�
∑∞

n=1
1
np

sugklÐnei an kai mìno an p > 1. To apotèlesma autì prokÔptei kai apì to
krit rio sumpÔknwshc toÔ Cauchy (bl. 'Askhsh 2.6.23).
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Par�deigma 2.2.3 Jètoume

f(x) =
1

x log x(log log x)p
, x ∈ [3,∞),

ìpou p pragmatik  par�metroc. Epeid  o log�rijmoc eÐnai aÔxousa sun�rthsh,
h f eÐnai austhr� fjÐnousa kai jetik  gia x ≥ 3 > e. K�nontac thn an-
tikat�stash u = log log x, brÐskoume ìti

∫ n

3
f(x) dx =

∫ log log n

log log 3

1
up

du.

'Ara to genikeumèno olokl rwma
∫∞
3 f sugklÐnei an kai mìno an p > 1. Apì

to krit rio toÔ oloklhr¸matoc sumperaÐnoume ìti h seir�

∞∑

n=3

1
n log n(log log n)p

sugklÐnei an kai mìno an p > 1.

Je¸rhma 2.2.4 (Krit rio sÔgkrishc) DÐnontai oi seirèc
∑∞

n=1 an kai∑∞
n=1 bn me bn > 0, ∀n ∈ N.

(a) An up�rqoun M > 0 kai no ∈ N tètoia ¸ste gia k�je n ≥ no, |an| ≤ Mbn

kai an h seir�
∑∞

n=1 bn sugklÐnei, tìte h seir�
∑∞

n=1 an sugklÐnei apolÔtwc.
(b) An up�rqoun δ > 0 kai no ∈ N tètoia ¸ste 0 ≤ δan ≤ bn, ∀n ≥ no kai an
h seir�

∑∞
n=1 an apoklÐnei, tìte h seir�

∑∞
n=1 bn apoklÐnei.

Apìdeixh.
JewroÔme ta merik� ajroÐsmata

qn =
n∑

k=no

ak, sn =
n∑

k=no

|ak|, tn =
n∑

k=no

bk, n ∈ N, n ≥ no.

(a) Apì thn upìjesh isqÔei sn ≤ Mtn, ∀n ≥ no. An h seir�
∑∞

n=1 bn

sugklÐnei, tìte h akoloujÐa {tn} eÐnai fragmènh. 'Ara kai h {sn} eÐnai frag-
mènh. H {sn} eÐnai kai aÔxousa; �ra sugklÐnei. Epomènwc h seir�

∑∞
n=no

|an|
sugklÐnei. Profan¸c kai h seir�

∑∞
n=1 |an| sugklÐnei, to opoÐo shmaÐnei ìti

h seir�
∑∞

n=1 an sugklÐnei apolÔtwc.
(b) An h seir�

∑∞
n=1 an apoklÐnei, tìte h {qn} den eÐnai �nw fragmènh. Apì

thn upìjesh, 0 ≤ δan ≤ bn, ∀n ≥ no; �ra kai h {tn} den eÐnai �nw fragmènh,
�ra oÔte kai sugklÐnousa. ¤
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Par�deigma 2.2.5 Oi seirèc

∞∑

n=1

cosnx

n2
kai

∞∑

n=1

sinnx

n2

sugklÐnoun gia k�je x ∈ R, diìti
∣∣∣cosnx

n2

∣∣∣ ≤ 1
n2

kai
∣∣∣sinnx

n2

∣∣∣ ≤ 1
n2

, n ∈ N, x ∈ R,

kai h seir�
∑∞

n=1
1
n2 sugklÐnei.

Se pollèc peript¸seic eÐnai dÔskolo na elègxoume an h upìjesh toÔ
krithrÐou sÔgkrishc isqÔei. Se autèc tic peript¸seic mporeÐ na faneÐ qr -
simo to parak�tw je¸rhma.

Je¸rhma 2.2.6 (Krit rio oriak c sÔgkrishc) DÐnontai duì akoloujÐec
{an} kai {bn} jetik¸n arijm¸n.
(a) An

lim sup
an

bn
∈ R,

kai an h seir�
∑∞

n=1 bn sugklÐnei, tìte h seir�
∑∞

n=1 an sugklÐnei.
(b) An

lim inf
an

bn
> 0,

kai an
∑∞

n=1 bn = ∞, tìte
∑∞

n=1 an = ∞.

Apìdeixh.
(a) Efìson lim sup an

bn
∈ R, mporoÔme na broÔme M ∈ R tètoio ¸ste lim sup an

bn
<

M . Tìte (bl. Je¸rhma 1.5.12) up�rqei no ∈ N tètoio ¸ste

an

bn
< M, ∀n ≥ no.

Apì to krit rio sÔgkrishc, an h
∑∞

n=1 bn sugklÐnei, tìte h
∑∞

n=1 an sugk-
lÐnei.
(b) Efìson lim inf an

bn
> 0, mporoÔme na broÔme δ > 0 tètoio ¸ste 0 < δ <

lim inf an
bn

. Tìte (bl. Je¸rhma 1.5.12) up�rqei no ∈ N tètoio ¸ste

an

bn
> δ, ∀n ≥ no.

Apì to krit rio sÔgkrishc, an h
∑∞

n=1 bn apoklÐnei, tìte h
∑∞

n=1 an apoklÐnei.
¤
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Par�deigma 2.2.7 H seir�

∞∑

n=1

√
n + 1

2n2 − 5

sugklÐnei. Pr�gmati, efarmìzoume to krit rio oriak c sÔgkrishc me

an =
√

n + 1
2n2 − 5

kai bn =
1

n3/2
.

Epeid 

lim
an

bn
=

1
2

kai
∞∑

n=1

1
n3/2

< ∞,

h seir�
∑∞

n=1 an sugklÐnei.

Par�deigma 2.2.8 H seir�

∞∑

n=1

√
n + 1

2n− 5

apoklÐnei. Autì prokÔptei apì thn efarmog  toÔ krithrÐou oriak c sÔgkrishc
me

an =
√

n + 1
2n− 5

kai bn =
1
n

.

Je¸rhma 2.2.9 (Krit rio t c rÐzac) DÐnetai h seir�
∑∞

n=1 an.
(a) An lim sup n

√
|an| < 1, h seir� sugklÐnei apolÔtwc.

(b) An lim sup n
√
|an| > 1, h seir� apoklÐnei.

Apìdeixh.
(a) An lim sup n

√
|an| < 1, mporoÔme na dialèxoume b tètoio ¸ste lim sup n

√
|an| <

b < 1. Apì to Je¸rhma 1.5.12, up�rqei no ∈ N tètoio ¸ste

n
√
|an| < b, ∀n ≥ no.

'Ara |an| < bn, ∀n ≥ no. H seir�
∑∞

n=1 bn sugklÐnei. Apì to krit rio
sÔgkrishc kai h

∑∞
n=1 an sugklÐnei.

(b) An lim sup n
√
|an| > 1, tìte |an| > 1 gi� �peira n. 'Ara h akoloujÐa {an}

den sugklÐnei sto 0. Epomènwc h seir�
∑∞

n=1 an apoklÐnei. ¤
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Je¸rhma 2.2.10 (Krit rio toÔ lìgou) DÐnetai h seir�
∑∞

n=1 an.
(a) An

lim sup
∣∣∣an+1

an

∣∣∣ < 1,

h seir� sugklÐnei apolÔtwc.
(b) An

lim inf
∣∣∣an+1

an

∣∣∣ > 1,

h seir� apoklÐnei.
Apìdeixh.

Apì thn Prìtash 1.5.15 èqoume

lim inf
∣∣∣an+1

an

∣∣∣ ≤ lim inf n
√
|an| ≤ lim sup n

√
|an| ≤ lim sup

∣∣∣an+1

an

∣∣∣.

'Etsi to krit rio toÔ lìgou eÐnai �mesh sunèpeia toÔ krithrÐou thc rÐzac. ¤

Par�deigma 2.2.11 Gia th seir�
1
2

+
1
3

+
1
22

+
1
32

+
1
23

+
1
33

+
1
24

+
1
34

+ . . .

èqoume a2k−1 = 1
2k kai a2k = 1

3k , k ∈ N. 'Ara

lim inf
an+1

an
= lim

k→∞
2k

3k
= 0,

lim inf n
√

an = lim
k→∞

2k

√
1
3k

=
1√
3
,

lim sup n
√

an = lim
k→∞

2k−1

√
1
2k

=
1√
2
,

lim sup
an+1

an
= lim

k→∞
3k

2k+1
= +∞.

To krit rio toÔ lìgou den mporeÐ na efarmosteÐ, en¸ apì to krit rio thc
rÐzac sumperaÐnoume ìti h seir� sugklÐnei.

Parat rhsh 2.2.12 To krit rio toÔ lìgou eÐnai suqn� piì eÔqrhsto, piì
eÔkolo sthn efarmog  tou. 'Omwc to krit rio thc rÐzac eÐnai isqurìtero:
ìpote to krit rio toÔ lìgou dÐnei sÔgklish, tìte kai to krit rio thc rÐzac
dÐnei sÔgklish; ìpote to krit rio thc rÐzac den odhgeÐ se sumpèrasma, oÔte
to krit rio toÔ lìgou odhgeÐ se sumpèrasma; (bl. apìdeixh toÔ krithrÐou toÔ
lìgou). Tèloc, up�rqoun peript¸seic pou to krit rio tou lìgou den odhgeÐ
se sumpèrasma , en¸ to krit rio thc rÐzac dÐnei sÔgklish; bl. Par�deigma
2.2.11.
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Je¸rhma 2.2.13 (Krit rio gi� enall�ssousec seirèc) Upojètoume ìti
a1 ≥ a2 ≥ a3 ≥ · · · ≥ 0 kai ìti lim an = 0. Tìte h seir�

∞∑

n=1

(−1)n+1an

sugklÐnei.
Apìdeixh.

ParathroÔme ìti gia n ∈ N,
s2n+2 − s2n = a2n+1 − a2n+2 ≥ 0,

dhlad  h akoloujÐa {s2n} eÐnai aÔxousa.
EpÐshc, gi� n ∈ N,

s2n = a1 − a2 + a3 − · · · − a2n

= a1 − [(a2 − a3) + · · ·+ (a2n−2 − a2n−1) + a2n]
≤ a1,

dhlad  h {s2n} eÐnai �nw fragmènh. Jètoume s := lim s2n. Tìte

lim s2n+1 = lim(s2n + a2n+1) = s + 0 = s.

DeÐxame loipìn ìti
lim s2n+1 = lim s2n = s.

Apì thn 'Askhsh 1.6.31 prokÔptei ìti h {sn} eÐnai suklÐnousa kai lim sn = s.
¤

Par�deigma 2.2.14 H seir�

1− 1
2

+
1
3
− 1

4
± . . .

sugklÐnei se k�poio arijmì s. Epeid  s2 = 1/2 kai h akoloujÐa {s2n} eÐnai
aÔxousa, isqÔei s ≥ 1/2.

2.3 Anadiat�xeic seir¸n

Orismìc 2.3.1 DÐnetai mi� akoloujÐa {an}∞n=1. Mi� akoloujÐa {bn}∞n=1 onom�ze-
tai anadi�taxh t c {an}∞n=1 an up�rqei 1-1 kai epÐ sun�rthsh N 3 n 7→
k(n) ∈ N tètoia ¸ste

bn = ak(n), ∀n ∈ N.

An h {bn}∞n=1 eÐnai anadi�taxh t c {n}∞n=1 tìte h seir�
∑∞

n=1 bn onom�zetai
anadi�taxh thc seir�c

∑∞
n=1 an
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Par�deigma 2.3.2 H akoloujÐa

1,
1
3
,
1
2
,
1
5
,
1
4
,
1
7
,
1
6
,
1
9
,
1
8
, . . .

kai h akoloujÐa

1,
1
2
,
1
4
,
1
3
,
1
6
,
1
8
,
1
5
,

1
10

,
1
12

,
1
7
, . . .

eÐnai kai oi dÔo anadiat�xeic thc akoloujÐac { 1
n}.

Par�deigma 2.3.3 JewroÔme thn enall�ssousa armonik  seir�

1− 1
2

+
1
3
− 1

4
+

1
5
−+ . . .

'Opwc eÐnai gnwstì apì thn prohgoÔmenh par�grafo, h seir� aut  sugklÐnei
all� de sugklÐnei apolÔtwc. EpÐshc gia to �jroism� thc s isqÔei s > 0; bl.
Par�deigma 2.2.14.

JewroÔme kai thn anadi�taxh

(2.1) 1− 1
2
− 1

4
+

1
3
− 1

6
− 1

8
+

1
5
−−+ . . .

poÔ prokÔptei me thn diadoqik  �jroish enìc jetikoÔ ìrou kai dÔo arnhtik¸n.
SumbolÐzoume me sn kai me σn ta merik� ajroÐsmata thc arqik c seir�c kai
thc anadi�tax c thc, antistoÐqwc. IsqÔei

σ3n = (1− 1
2
)− 1

4
+ (

1
3
− 1

6
)− 1

8
+ · · ·+ (

1
2n− 1

− 1
4n− 2

)− 1
4n

=
1
2
− 1

4
+

1
6
− 1

8
+ · · ·+ 1

4n− 2
− 1

4n

=
1
2

(
1− 1

2
+

1
3
− 1

4
+ · · ·+ 1

2n− 1
− 1

2n

)

=
1
2
s2n.

'Ara lim σ3n = 1
2 lim s2n = 1

2s.
Me parìmoio trìpo apodeiknÔetai ìti

lim σ3n−1 = limσ3n−2 = limσ3n =
1
2
s.

Sunep¸c (giatÐ?) h seir� (2.1) sugklÐnei kai m�lista to �jroism� thc eÐnai
1
2s 6= s.
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To parap�nw par�deigma deÐqnei ìti h anadi�taxh mi�c seir�c mporeÐ na
èqei �jroisma diaforetikì apì autì thc arqik c seir�c. To fainìmeno autì-
ìpwc deÐqnoun ta akìlouja jewr mata-eÐnai qarakthristikì twn seir¸n pou
sugklÐnoun all� den sugklÐnoun apolÔtwc.

Je¸rhma 2.3.4 An h seir�
∑∞

n=1 an sugklÐnei apolÔtwc, tìte ìlec oi ana-
diat�xeic thc sugklÐnoun ston Ðdio arijmì.

Apìdeixh.
'Estw sn ta merik� ajroÐsmata thc seir�c

∑∞
n=1 an kai èstw

∑∞
n=1 ak(n) mi�

anadi�tax  thc me merik� ajroÐsmata σn.
Apì to krit rio toÔ Cauchy up�rqei no ∈ N tètoio ¸ste gia m > n ≥ no,∑m

k=n+1 |ak| < ε. PaÐrnoume ìrio gia m →∞ kai prokÔptei

(2.2)
∞∑

k=n+1

|ak| < ε, ∀n ≥ no.

Dialègoume p ∈ N arkoÔntwc meg�lo ¸ste oi fusikoÐ 1, 2, . . . , no na periè-
qontai ìloi sto sÔnolo

{k(1), k(2), . . . , k(p)}.

Exet�zoume t¸ra th diafor� |σn − sn| gia n ≥ p. Oi arijmoÐ a1, a2, . . . , ano

aplopoioÔntai ki ètsi, lìgw thc (2.2), prokÔptei

|σn − sn| = |ak(1) + · · ·+ ak(n) − (a1 + · · ·+ an)|
≤ |ano+1|+ |ano+2|+ · · · < ε.

DeÐxame loipìn ìti up�rqei p ∈ N tètoioc ¸ste gia n ≥ p, isqÔei |sn−σn| < ε,
dhlad 

lim
n→∞(sn − σn) = 0.

Efìson h {sn} sugklÐnei, kai h {σn} ja sugklÐnei kai m�lista sto Ðdio ìrio.
¤

Je¸rhma 2.3.5 (Riemann) 'Estw
∑∞

n=1 an mi� seir� poÔ sugklÐnei all�
den sugklÐnei apolÔtwc. Gia k�je s ∈ R, up�rqei anadi�tax  thc

∑∞
n=1 bn

tètoia ¸ste ∞∑

n=1

bn = s.
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Apìdeixh.
'Estw s ∈ R. Upojètoume ìti s ≥ 0. H perÐptwsh s < 0 antimetwpÐzetai me
parìmoio trìpo. Epeid  h seir�

∑∞
n=1 an den sugklÐnei apolÔtwc, h akoloujÐa

{an} èqei �peirouc jetikoÔc kai �peirouc arnhtikoÔc ìrouc. 'Estw {pn} h
akoloujÐa twn jetik¸n ìrwn kai èstw {qn} h akoloujÐa twn arnhtik¸n ìrwn
thc {an} me th seir� pou emfanÐzontai. Epeid  h seir�

∑∞
n=1 an sugklÐnei kai

oi {pn}, {qn} eÐnai upakoloujÐec thc {an}, èqoume
(2.3) lim pn = lim qn = 0.

Ja apodeÐxoume t¸ra ìti

(2.4)
∞∑

n=1

pn = ∞.

Ac upojèsoume antijètwc ìti
∑∞

n=1 pn = p < ∞. DiakrÐnoume dÔo peript¸-
seic:

PerÐptwsh 1:
∑∞

n=1 qn = q ∈ R.
'Estw ε > 0. Up�rqei no ∈ N tètoio ¸ste

∞∑

k=no+1

pk <
ε

2
kai

∞∑

k=no+1

|qk| < ε

2
.

Epilègoume fusikì n1 arket� meg�lo ¸ste na isqÔei

{a1, a2, . . . , an1} ⊃ {q1, q2, . . . , qno , p1, p2, . . . , pno}.
'Ara gia k�je m ≥ n ≥ n1,

m∑

k=n+1

|ak| ≤
∞∑

k=n1+1

|ak| ≤
∞∑

k=no+1

pk +
∞∑

k=no+1

|qk| < ε.

Apì to krit rio sÔgklishc toÔ Cauchy, h seir�
∑∞

n=1 |an| sugklÐnei. 'Atopo.
PerÐptwsh 2:

∑∞
n=1 qn = −∞.

'Estw M > 0. Tìte up�rqei N ∈ N tètoio ¸ste

∀n ≥ N,
n∑

k=1

qk < −M − p.

Epilègoume fusikì no ∈ N arket� meg�lo ¸ste

{q1, q2, . . . , qN} ⊂ {a1, a2, . . . , ano}.
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An n ≥ no, to �jroisma a1 + a2 + · · · + an perièqei perissìterouc apì N
ìrouc t c {qn} kai k�poiouc ìrouc t c {pn}. Oi ìroi t c {qn} èqoun �jroisma
mikrìtero toÔ −M − p, en¸ oi ìroi t c {pn} èqoun �jroisma mikrìtero toÔ
p. 'Ara

a1 + a2 + · · ·+ an < (−M − p) + p = −M.

Autì shmaÐnei ìti
∑∞

n=1 an = −∞. 'Atopo.
'Etsi se k�je perÐptwsh, h (2.4) apodeÐqjhke. Me parìmoio trìpo apodeiknÔe-

tai ìti

(2.5)
∞∑

n=1

qn = −∞.

Kataskeu�zoume t¸ra thn anadi�taxh
∑∞

n=1 bn wc ex c: XekinoÔme me
ton ìro p1 kai prosjètoume tìsouc ìrouc thc {pn} ìsouc apaitoÔntai gia na
xeper�soume ton arijmì s. Sth sunèqeia prosjètoume tìsouc (arnhtikoÔc)
ìrouc thc {qn} ìsouc apaitoÔntai ¸ste to �jroisma na gÐnei mikrìtero toÔ
s. Autì mporoÔme na to petÔqoume lìgw t¸n (2.4) kai (2.5). Met� prosjè-
toume ìrouc thc {pn} ¸ste na xanaxeper�soume to s. 'Ustera prosjètoume
p�li ìrouc thc {qn} ¸ste to �jroisma na xanagÐnei mikrìtero toÔ s k.o.k..
'Etsi dhmiourgoÔme mia anadi�taxh

∑∞
n=1 bn me merik� ajroÐsmata σn. EÐnai

profanèc ìti
|σn − s| ≤ max{pnk

, |qnm |},
ìpou {pnk

}, {qnm} eÐnai upakoloujÐec twn {pn}, {qn} antistoÐqwc. Lìgw
thc (2.3), isqÔei lim σn = s. ¤

2.4 Parast�seic arijm¸n

Kaje dekadikìc arijmìc x = 0.k1k2 . . . eÐnai ex orismoÔ to �jroisma mi�c
seir�c, dhlad 

x =
k1

10
+

k2

100
+ . . .

Sthn par�grafo aut  ja doÔme ìti k�je pragmatikìc arijmìc x ∈ (0, 1) èqei
mi� dekadik  par�stash ìpwc h parap�nw.

Prìtash 2.4.1 'Estw p ∈ N me p ≥ 2. An gia touc ìrouc thc akoloujÐac
{kn}∞n=1 isqÔei 0 ≤ kn ≤ p− 1, tìte h seir�

∞∑

n=1

kn

pn

sugklÐnei proc ènan arijmì poÔ an kei sto di�sthma [0, 1].
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Apìdeixh.
Epeid  o genikìc ìroc thc seir�c eÐnai mh arnhtikìc, arkeÐ na deÐxoume ìti o
arijmìc 1 eÐnai �nw fr�gma thc akoloujÐac twn merik¸n ajroism�twn. Pr�g-
mati

N∑

n=1

kn

pn
≤

N∑

n=1

p− 1
pn

≤ (p− 1)
∞∑

n=1

1
pn

= 1.

¤

Prìtash 2.4.2 'Estw p ∈ N me p ≥ 2 kai èstw x ∈ (0, 1]. Up�rqei monadik 
akoloujÐa akeraÐwn arijm¸n {kn} tètoia ¸ste:
(a) 0 ≤ kn ≤ p− 1, ∀n ∈ N,
(b)

x =
∞∑

n=1

kn

pn
,

(g) kn 6= 0 gia �peira n.

Apìdeixh.
Kataskeu�zoume thn akoloujÐa {kn} epagwgik�: 'Estw k1 o megalÔteroc
akèraioc me k1/p < x. Tìte 0 ≤ k1 ≤ p−1 kai k1/p < x ≤ (k1 +1)/p. 'Estw
k2 o megalÔteroc akèraioc me

k1

p
+

k2

p2
< x.

Tìte isqÔei 0 ≤ k2 ≤ p− 1 kai

k1

p
+

k2

p2
< x ≤ k1

p
+

k2 + 1
p2

.

SuneqÐzontac ètsi prokÔptei mia akoloujÐa akeraÐwn {kn} tètoia ¸ste 0 ≤
kn ≤ p− 1 kai

(2.6)
k1

p
+

k2

p2
+ · · ·+ kn

pn
< x ≤ k1

p
+

k2

p2
+ · · ·+ kn + 1

pn
, n ∈ N.

Epomènwc

(2.7) 0 < x−
n∑

j=1

kj

pj
≤ 1

pn
, ∀n ∈ N.
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PaÐrnontac ìria gia n →∞ prokÔptei ìti

(2.8) x =
∞∑

n=1

kn

pn
.

An up rqe jo ∈ N tètoio ¸ste kj = 0, ∀j ≥ jo, tìte h (2.7) ja erqìtan
se antÐjesh me thn (2.8). 'Ara up�rqoun �peira n gia ta opoÐa kn 6= 0.

Mènei na apodeÐxoume th monadikìthta. 'Estw ìti

(2.9) x =
∞∑

n=1

an

pn
=

∞∑

n=1

bn

pn

me 0 ≤ an ≤ p − 1, 0 ≤ bn ≤ p − 1, ∀n ∈ N kai �peira apì ta an kai apì
ta bn eÐnai mh mhdenik�. 'Estw m o pr¸toc deÐkthc gia ton opoÐo am 6= bm.
MporoÔme na upojèsoume ìti am > bm, dhlad  ìti am ≥ bm + 1. Apì thn
(2.7) prokÔptei ìti

(2.10)
a1

p
+

a2

p2
+ · · ·+ am

pm
< x ≤ a1

p
+

a2

p2
+ · · ·+ am + 1

pm
.

kai

(2.11)
b1

p
+

b2

p2
+ · · ·+ bm

pm
< x ≤ b1

p
+

b2

p2
+ · · ·+ bm + 1

pm
.

'Ara

x >
a1

p
+

a2

p2
+ · · ·+ am

pm
≥ b1

p
+

b2

p2
+ · · ·+ bm + 1

pm
≥ x.

'Atopo. ¤

Gia ènan arijmì x ∈ (0, 1], an isqÔei

x =
∞∑

n=1

kn

pn

me p ∈ N, p ≥ 2 kai 0 ≤ kn ≤ p−1, ∀n ∈ N, tìte h parap�nw seir� onom�zetai
p-adik  (  paidik !) par�stash toÔ x. Sun jwc gr�foume x = 0.k1k2k3 . . .
(b�sh p)   x = 0.pk1k2k3 . . . . An kn = 0 apì èna deÐkth kai pèra, tìte
h par�stash lègetai termatizìmenh. H Prìtash 2.4.2 eggu�tai thn Ôparxh
gia k�je x ∈ (0, 1] mÐac kai monadik c mh termatizìmenhc par�stashc toÔ
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x. Up�rqoun ìmwc x ∈ (0, 1) me dÔo p-adikèc parast�seic. Gia par�deigma,
isqÔei

1
2

=
5
10

=
4
10

+
∞∑

n=2

9
10n

,

dhlad  1/2 = 0.5000 · · · = 0.4999 . . . (b�sh 10).

Prìtash 2.4.3 'Estw p ∈ N me p ≥ 2 kai èstw x ∈ (0, 1). O x èqei
termatizìmenh p-adik  par�stash an kai mìno an eÐnai thc morf c x = m

pn ,
ìpou m,n ∈ N.
Apìdeixh.
An to x èqei termatizìmenh par�stash tìte

x =
k1

p
+

k2

p2
+ . . .

kn

pn
,

dhlad  x = m
pn me m = k1p

n−1 + · · ·+ kn−1p + kn ∈ N.
Antistrìfwc, èstw ìti x = m

pn . Apì ton algìrijmo toÔ EukleÐdh m =
k1p

n−1 + · · ·+kn−1p+kn gia kat�llhlouc akeraÐouc kj , j = 1, 2, . . . , n. 'Ara

x =
k1

p
+

k2

p2
+ . . .

kn

pn
,

dhlad  x = 0.k1 . . . kN (b�sh p). ¤
MporeÐ na apodeiqjeÐ epipleìn (bl. 'Askhsh 2.6.31) ìti oi arijmoÐ thc

morf c x = m
pn èqoun monadik  termatizìmenh p-adik  par�stash.

Par�deigma 2.4.4 Qrhsimopoi¸ntac tic dekadikèc parast�seic arijm¸n m-
poroÔme na d¸soume mi� deÔterh apìdeixh toÔ Jewr matoc 1.2.14 (to di�sthma
(0, 1) eÐnai uperarijm simo).

Apìdeixh: To (0, 1) den eÐnai peperasmèno sÔnolo afoÔ perièqei ìlouc
touc arijmoÔc thc morf c 1

n , n = 2, 3, . . . . Ac upojèsoume ìti to (0, 1) eÐnai
arijm simo. 'Estw

(0, 1) = {a1, a2, . . . }
mi� arÐjmhs  tou. 'Estw

aj = 0.aj1aj2aj3 . . .

h mh termatizìmenh dekadik  par�stash tou aj , j = 1, 2, . . . . JewroÔme ton
arijmì b ∈ (0, 1) me mh termatizìmenh dekadik  par�stash

b = 0.b1b2 . . . ,
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ìpou

bk =

{
3, an akk 6= 3,

5, an akk = 3.

Tìte b 6= aj , ∀j ∈ N diìti oi b kai aj diafèroun sto k-sto dekadikì yhfÐo;
ed¸ qrhsimopoieÐtai h monadikìthta thc mh termatizìmenhc dekadik c par�s-
tashc (Prìtash 2.4.2). Katal xame loipìn se �topo. 'Ara to (0, 1) eÐnai
uperarijm simo. ¤

2.5 To sÔnolo kai h sun�rthsh toÔ Cantor

To sÔnolo toÔ Cantor eÐnai uposÔnolo toÔ diast matoc [0, 1]. 'Eqei pol-
lèc endiafèrousec idiìthtec kai qrhsimopoieÐtai suqn� wc antipar�deigma. H
kataskeu  tou gÐnetai wc ex c:

'Estw I0 = [0, 1]. AfairoÔme apì to I0 to di�sthma (1
3 , 2

3) kai jètoume

I1 = I0 \
(

1
3
,
2
3

)
=

[
0,

1
3

]
∪

[
2
3
, 1

]
.

AfairoÔme apì ta diast mata [0, 1
3 ] kai [23 , 1] to mesaÐo touc anoiktì di�sthma

kai prokÔptei to sÔnolo

I2 =
[
0,

1
9

]
∪

[
2
9
,
3
9

]
∪

[
6
9
,
7
9

]
∪

[
8
9
, 1

]
.

SuneqÐzontac aut  th diadikasÐa prokÔptei mi� akoloujÐa kleist¸n sunìlwn
In, n = 0, 1, 2, . . . tètoia ¸ste
(a) I0 ⊃ I1 ⊃ I2 ⊃ . . . .
(b) To In eÐnai ènwsh 2n kleist¸n diasthm�twn m kouc 1

3n to kajèna.

Orismìc 2.5.1 To sÔnolo

C =
∞⋂

n=1

In.

onom�zetai (triadikì) sÔnolo toÔ Cantor.

Parat rhsh 2.5.2 (a) To C eÐnai kleistì sÔnolo wc tom  kleist¸n sunìl-
wn.
(b) To C den eÐnai to kenì sÔnolo diìti 0 ∈ C kai 1 ∈ C. M�lista to
C eÐnai �peiro sÔnolo. Pragmatik� ta �kra twn diasthm�twn In oudèpote
afairoÔntai kat� thn kataskeu  toÔ C. Dhlad  ta shmeÐa

0,
1
3
,

2
3
,

1
9
,

2
9
, . . .
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an koun ìla sto C. Onom�zoume aut� ta shmeÐa akraÐa shmeÐa toÔ C.
(g) Ta akraÐa shmeÐa toÔ C eÐnai shmeÐa thc morf c m

3n , ìpou m,n ∈ N∪{0}.
ParathroÔme ìti, an exairèsoume to 0 kai to 1, aut� eÐnai shmeÐa toÔ (0, 1)
pou èqoun dÔo triadikèc parast�seic.

Je¸rhma 2.5.3 To sÔnolo [0, 1]\C eÐnai ènwsh arijm simou pl jouc, xènwn
an� dÔo, anoikt¸n diasthm�twn sunolikoÔ m kouc 1.

Apìdeixh.
Jètoume Jn = In−1 \ In, n = 1, 2, . . . , dhlad  to Jn eÐnai to sÔnolo poÔ
afairoÔme apì to In−1 ¸ste na prokÔyei to In. To Jn eÐnai ènwsh 2n−1

xènwn an� dÔo, anoikt¸n mesaÐwn diasthm�twn. Kajèna apì aut� èqei m koc
1
3n . 'Etsi isqÔei

[0, 1] \ In = J1 ∪ J2 ∪ · · · ∪ Jn.

'Ara

[0, 1] \ C = [0, 1] \
( ∞⋂

n=1

In

)
=

∞⋃

n=1

([0, 1] \ In)

=
∞⋃

n=1

(J1 ∪ J2 ∪ · · · ∪ Jn) =
∞⋃

n=1

Jn.

Ta Jn eÐnai xèna an� dÔo anoikt� sÔnola. K�je Jn eÐnai ènwsh 2n−1 xènwn an�
dÔo anoikt¸n diasthm�twn m kouc 1

3n to kajèna. 'Ara to [0, 1]\C eÐnai ènwsh
arijm simou pl jouc, xènwn an� dÔo, anoikt¸n diasthm�twn. To sunolikì
m koc twn diasthm�twn aut¸n eÐnai

∞∑

n=1

2n−1

3n
=

1
3

∞∑

n=1

(
2
3

)n−1

=
1
3

1
1− 2

3

= 1.

¤

MeletoÔme t¸ra tic triadikèc parast�seic twn stoiqeÐwn toÔ C. BrÐsk-
oume pr¸ta tic triadikèc parast�seic twn akraÐwn shmeÐwn toÔ I1 = [0, 1

3 ] ∪
[23 , 1].

0 = 0.3000 . . .
1
3

= 0.31 = 0.30222 . . .

2
3

= 0.32 = 0.31222 . . .

1 = 1.300 · · · = 0.3222 . . .
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'Ara ta akraÐa shmeÐa toÔ I1 èqoun mÐa toul�qiston triadik  par�stash me
yhfÐa mìno 0 kai 2 (kai ìqi 1).

'Estw x ∈ [0, 1
3 ] kai x = 0.3a1a2 . . . mi� triadik  par�stash toÔ x. An

a1 = 1, tìte x = 0.31a2a3 · · · ≥ 0.31 = 1
3 . 'Atopo. An a1 = 2, tìte

x = 0.32a2a3 · · · > 0.31 = 1
3 . 'Atopo. 'Ara a1 = 0. Antistrìfwc: an a1 = 0,

tìte
0 ≤ x = 0.30a2a3 · · · ≤ 0.30222 · · · = 1

3
,

dhlad  x ∈ [0, 1
3 ].

Me parìmoio trìpo brÐskoume ìti x ∈ [23 , 1] an kai mìno an gia mi� triadik 
par�stash tou x isqÔei a1 = 2. SumperaÐnoume loipìn ìti x ∈ I1 an kai mìno
an gia mi� triadik  par�stash tou x isqÔei a1 = 0   a1 = 2.

Ergazìmaste an�loga kai gia to deÔtero yhfÐo a2 kai brÐskoume ìti x ∈ I2

an kai mìno an aj = 0   aj = 2 gia j = 1, 2. Me epagwg  apodeiknÔetai ìti
genikìtera isqÔei x ∈ In an kai mìno an aj = 0   aj = 2 gia j = 1, 2, . . . , n.
Katal goume epomènwc sto parak�tw je¸rhma.

Je¸rhma 2.5.4 'Enac arijmìc x ∈ [0, 1] an kei sto sÔnolo C an kai mìno
an x = 0.3a1a2 . . . me ak ∈ {0, 2}, k ∈ N.

Ja qrhsimopoi soume t¸ra autìn ton qarakthrismì twn shmeÐwn tou C
gia na apodeÐxoume ìti to sÔnolo toÔ Cantor eÐnai uperarijm simo.

Je¸rhma 2.5.5 To C eÐnai uperarijm simo.

Apìdeixh.
OrÐzoume th sun�rthsh f : C → [0, 1] wc ex c: 'Estw x ∈ C. To x èqei mi�
triadik  par�stash x = 0.3k1k2 . . . me kj ∈ {0, 2}, j = 1, 2, . . . . OrÐzoume

f(x) = f(0.3k1k2 . . . ) = 0.2
k1

2
k2

2
. . .

H f apeikonÐzei to C epÐ toÔ [0, 1]. 'Ara (bl. Prìtash 1.2.3) to [0, 1] eÐnai
isodÔnamo me èna uposÔnolo toÔ C. Epomènwc to C eÐnai uperarijm simo. ¤

H sun�rthsh f sthn parap�nw apìdeixh den eÐnai 1− 1. Gia par�deigma,
isqÔei

f

(
1
3

)
= f(0.30222 . . . ) = 0.20111 · · · = 0.21 =

1
2
.

kai
f

(
2
3

)
= f(0.32) = 0.21 =

1
2
.
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Genikìtera h f paÐrnei thn Ðdia tim  sta �kra k�je mesaÐou anoiktoÔ diast -
matoc pou afaireÐtai kat� thn kataskeu  toÔ C. Pr�gmati, ta afairoÔmena
diast mata eÐnai thc morf c

(0.3a1a2 . . . am1, 0.3a1a2 . . . am2),

ìpou aj ∈ {0, 2}, j = 1, 2, . . . , m. Epomènwc

f(0.3a1a2 . . . am1) = f(0.3a1a2 . . . am0222 . . . ) = 0.2
a1

2
. . .

am

2
0111 . . .

= 0.2
a1

2
. . .

am

2
1

= f(0.3a1a2 . . . am2).

EpekteÐnoume t¸ra thn f sto [0, 1]: 'Estw x ∈ [0, 1] \ C. Tìte to x
an kei se èna apì ta afairoÔmena mesaÐa diast mata (a, b). 'Opwc eÐdame
f(a) = f(b). Jètoume f(x) := f(a) = f(b).

Orismìc 2.5.6 H sun�rthsh f : [0, 1] → [0, 1] pou orÐsthke parap�nw
onom�zetai sun�rthsh toÔ Cantor.

EÐnai profanèc ìti h sun�rthsh toÔ Cantor eÐnai aÔxousa. Stic ask seic
autoÔ tou kefalaÐou all� kai sta epìmena kef�laia ja doÔme pollèc akìma
idiìthtec toÔ sunìlou kai thc sun�rthshc toÔ Cantor.

2.6 Ask seic
2.6.1 DeÐxte ìti an h seir�

∑∞
n=1 an sugklÐnei, tìte lim an = 0.

2.6.2 BreÐte to �jroisma thc seir�c

∞∑
n=1

1
n(n + 1)

.

2.6.3 DÐnontai dÔo sugklÐnousec seirèc
∑∞

n=1 an kai
∑∞

n=1 bn kai ènac arijmìc
c ∈ R. DeÐxte ìti oi seirèc

∑∞
n=1 can kai

∑∞
n=1(an + bn) sugklÐnoun kai m�lista

∞∑
n=1

can = c

∞∑
n=1

an,

∞∑
n=1

(an + bn) =
∞∑

n=1

an +
∞∑

n=1

bn.

2.6.4 DeÐxte ìti an mi� seir� sugklÐnei apolÔtwc, tìte sugklÐnei.

2.6.5 Mi� seir� èqei merik� ajroÐsmata sn. DeÐxte ìti h sÔgklish thc {sn}
sunep�getai th sÔgklish thc {|sn|}. IsqÔei to antÐstrofo?
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2.6.6 BreÐte gia poièc timèc toÔ x sugklÐnoun   apoklÐnoun oi parak�tw seirèc
arqÐzontac me ta krit ria toÔ lìgou kai thc rÐzac.
(a)

∑∞
n=1 nnxn , (b)

∑∞
n=1

2n

n! x
n , (g)

∑∞
n=1

n3

3n xn.

2.6.7 Exet�ste th sÔgklish   thn apìklish twn seir¸n
(a)

∑∞
n=2

(−1)n

n log n , (b)
∑∞

n=1
(−2)nn2

(n+2)! , (g)
∑∞

n=1
(−1)n log n

n .

2.6.8 BreÐte dÔo akoloujÐec jetik¸n arijm¸n {an} kai {bn} tètoiec ¸ste

lim sup n
√

an = lim sup n
√

bn = 1

kai h
∑∞

n=1 an sugklÐnei en¸ h
∑∞

n=1 bn apoklÐnei.

2.6.9 BreÐte dÔo akoloujÐec jetik¸n arijm¸n {an} kai {bn} tètoiec ¸ste

lim sup
an+1

an
= lim sup

bn+1

bn
= 1

kai h
∑∞

n=1 an sugklÐnei en¸ h
∑∞

n=1 bn apoklÐnei.

2.6.10 Exet�ste th sÔgklish thc seir�c

1
2

+ 1 +
1
8

+
1
4

+
1
32

+
1
16

+
1

128
+

1
64

+ . . .

me ta krit ria toÔ lìgou kai thc rÐzac.

2.6.11 DeÐxte ìti an an > 0 gi� k�je n ∈ N kai h seir�
∑∞

n=1 an sugklÐnei, tìte
kai oi seirèc

∞∑
n=1

a2
n,

∞∑
n=1

an

1 + an
,

∞∑
n=1

a2
n

1 + a2
n

,

∞∑
n=1

√
anan+1,

∞∑
n=1

√
an

n

sugklÐnoun.

2.6.12 Exet�ste an oi akìloujec seirèc sugklÐnoun   apoklÐnoun.

(a)
∞∑

n=1

(
n2 + 1

n2 + n + 1

)n2

, (b)
∞∑

n=1

(
n

n + 1

)n(n+1)

, (c)
∞∑

n=1

( n
√

n− 1)2,

(d)
∞∑

n=1

1
n

log
(

1 +
1
n

)
, (e)

∞∑
n=2

1√
n

log
n + 1
n− 1

, (f)
∞∑

n=2

1
(log n)log n

,

(g)
∞∑

n=1

− log
(

cos
1
n

)
.
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2.6.13 DÐnetai akoloujÐa {an} me an ≥ 0 gia k�je n ∈ N kai
∑∞

n=1 an < ∞.
(a) DeÐxte ìti h seir�

∑∞
n=1

√
an n−p sugklÐnei ìtan p > 1

2 .
(b) DeÐxte me antipar�deigma ìti to (a) den isqÔei gia p = 1

2 .

2.6.14 DeÐxte ìti an h seir�
∑∞

n=1 an apoklÐnei, tìte kai h seir�
∑∞

n=1 nan apok-
lÐnei.

2.6.15 DÐnetai h seir� jetik¸n ìrwn
∑∞

n=1 an. DeÐxte ìti an aut  sugklÐnei, tìte
kai h seir�

∑∞
n=1

√
anan+1 sugklÐnei. DeÐxte ìti to antÐstrofo den isqÔei.

2.6.16 Exet�ste gia poièc timèc toÔ a oi parak�tw seirèc sugklÐnoun apolÔtwc,
sugklÐnoun   apoklÐnoun.

(a)
∞∑

n=1

(
an

n + 1

)n

, a ∈ R,

(b)
∞∑

n=2

(−1)n (log n)a

n
, a ∈ R,

(c)
∞∑

n=1

(−1)n sin
a

n
, a ∈ R,

(d)
∞∑

n=1

nn

an2 , a 6= 0,

(e)
∞∑

n=1

(−1)n (log n)log n

na
, a > 0.

2.6.17 Swstì   L�joc?
(a) An lim an

bn
= 1, tìte h sÔgklish t c seir�c

∑∞
n=1 an eÐnai isodÔnamh me th

sÔgklish t c seir�c
∑∞

n=1 bn.
(b) An an > 0, bn > 0 kai lim an

bn
= 1, tìte h sÔgklish t c seir�c

∑∞
n=1 an eÐnai

isodÔnamh me th sÔgklish t c seir�c
∑∞

n=1 bn.

2.6.18 'Estw ìti a, b > 0. Exet�ste th sÔgklish twn seir¸n

∞∑
n=1

(−1)n (log n)a

nb
,

∞∑
n=1

(−1)n (log n)log n

nb
.

2.6.19 DÐnetai fjÐnousa akoloujÐa {an}. Exet�ste th sÔgklish t c seir�c

∞∑
n=1

(−1)n+1 a1 + a2 + · · ·+ an

n
.
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2.6.20 Upojètoume ìti a1 ≥ a2 ≥ a3 ≥ · · · ≥ 0 kai ìti lim an = 0. Tìte, apì to
krit rio gia tic enall�ssousec seirèc, h seir�

∞∑
n=1

(−1)n+1an

sugklÐnei. DeÐxte epiplèon ìti, an sn eÐnai ta merik� ajroÐsmata thc seir�c kai s to
�jroism� thc, tìte

|s− sn| ≤ an+1, ∀n ∈ N.

2.6.21 JewroÔme thn akoloujÐa

tn = 1 +
1
2

+
1
3

+ · · ·+ 1
n
− log n.

(a) DeÐxte ìti tn > 0 gia k�je n ∈ N.
(b) DeÐxte ìti tn − tn+1 > 0 gia k�je n ∈ N.
(g) DeÐxte ìti h akoloujÐa {tn} sugklÐnei. (To ìriì thc sumbolÐzetai me γ kai
onom�zetai stajer� toÔ Euler).

2.6.22 (sunèqeia thc 'Askhshc 2.6.21). 'Estw hn ta merik� ajroÐsmata thc seir�c∑∞
n=1

(−1)n−1

n kai èstw sn ta merik� ajroÐsmata thc seir�c
∑∞

n=1
1
n .

(a) DeÐxte ìti h2n = s2n − sn.
(b) DeÐxte ìti hn − log n → γ.
(g) DeÐxte ìti s2n → log 2.
(d) DeÐxte ìti

∞∑
n=1

(−1)n−1

n
= log 2.

2.6.23 (Krit rio sumpÔknwshc toÔ Cauchy) Upojètoume ìti a1 ≥ a2 ≥ a3 ≥
· · · ≥ 0. Tìte h seir�

∑∞
n=1 an sugklÐnei an kai mìno an h seir�

∞∑

k=0

2ka2k = a1 + 2a2 + 4a4 + 8a8 + . . .

sugklÐnei.

2.6.24? DÐnontai dÔo seirèc
∑∞

n=1 an,
∑∞

n=1 bn jetik¸n ìrwn gia tic opoÐec isqÔei

an+1

an
≤ bn+1

bn
, ∀n ≥ no.

DeÐxte ìti an h
∑∞

n=1 bn sugklÐnei, tìte kai h
∑∞

n=1 an sugklÐnei.
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2.6.25? (Abel) 'Estw
∑∞

n=1 an mi� seir� jetik¸n ìrwn h opoÐa apoklÐnei. 'Estw
sn ta merik� thc ajroÐsmata. DeÐxte ìti
(a) H seir�

∞∑
n=1

an

sn

apoklÐnei.
(b) H seir�

∞∑
n=1

an

s2
n

sugklÐnei.

2.6.26 DÐnetai paragwgÐsimh sun�rthsh f : (0,∞) → (0,∞). Upojètoume ìti h
f ′ eÐnai fjÐnousa kai limx→∞ f ′(x) = 0. DeÐxte ìti oi seirèc

∞∑
n=1

f ′(n) kai
∞∑

n=1

f ′(n)
f(n)

eÐte kai oi dÔo sugklÐnoun eÐte kai oi dÔo apoklÐnoun.

2.6.27 'Estw f : [1,∞) → (0,∞) mi� fjÐnousa sun�rthsh. Jètoume

Sn =
n∑

k=1

f(k) kai In =
∫ n

1

f(x) dx.

DeÐxte ìti h akoloujÐa {Sn−In} eÐnai fjÐnousa kai to ìriì thc an kei sto di�sthma
[0, f(1)].

2.6.28 DeÐxte ìti an mi� seir� sugklÐnei apolÔtwc, tìte k�je anadi�tax  thc sug-
klÐnei apolÔtwc.

2.6.29 Anadiat�ssoume peperasmènou pl jouc ìrouc mi�c seir�c. Exet�ste ti
sumbaÐnei me th sÔgklish   thn apìklish thc anadi�taxhc.

2.6.30 ApodeÐxte thn akìloujh genÐkeush tou Jewr matoc 2.3.5: 'Estw
∑∞

n=1 an

mi� seir� poÔ sugklÐnei all� den sugklÐnei apolÔtwc. An −∞ ≤ s ≤ t ≤ +∞, tìte
up�rqei anadi�taxh

∑∞
n=1 a′n me merik� ajroÐsmata {s′n} tètoia ¸ste

lim inf s′n = s, lim sup s′n = t.

2.6.31 DeÐxte ìti oi arijmoÐ thc morf c x = m
pn èqoun monadik  termatizìmenh

p-adik  par�stash.
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2.6.32 Mi� mh termatizìmenh p-adik  par�stash 0.k1k2 . . . onom�zetai periodik 
me perÐodo q an up�rqoun q, k ∈ N tètoia ¸ste kn+q = kn gia k�je n > k. 'Estw
x ∈ (0, 1). DeÐxte ìti h mh termatizìmenh p-adik  par�stash tou x eÐnai periodik 
an kai mìno an x ∈ Q.

2.6.33 'Estw x ∈ (0, 1). DeÐxte ìti to x èqei termatizìmenh dekadik  par�stash
an kai mìno an up�rqoun m,n ∈ N ∪ {0} tètoia ¸ste o arijmìc 2m5nx na eÐnai
akèraioc.

2.6.34 DeÐxte ìti to sÔnolo twn arijm¸n toÔ (0, 1) twn opoÐwn h dekadik  par�s-
tash (  oi dekadikèc parast�seic, an èqei dÔo tètoiec) den perièqei 7�ria kai 3�ria
eÐnai uperarijm simo.

2.6.35 BreÐte to eswterikì, to perÐblhma kai to sÔnoro toÔ C (sthn topologÐa
toÔ R).

2.6.36 (a) DeÐxte ìti to sÔnolo C toÔ Cantor den perièqei kanèna di�sthma.
(b) DeÐxte ìti to C eÐnai poujen� puknì. ('Ena sÔnolo onom�zetai poujen� puknì
an (C)o = ∅).

2.6.37 Qrhsimopoi ste th sun�rthsh toÔ Cantor kai thn 'Askhsh 1.6.28 gi� na
deÐxete ìti C ∼ [0, 1].

2.6.38 Exet�ste an o arijmìc 1
4 an kei sto C. EÐnai akraÐo shmeÐo toÔ C?

2.6.39 DeÐxte ìti gia k�je x ∈ C \ {0} up�rqei mi� gnhsÐwc monìtonh akoloujÐa
{xn} ⊂ C me limn→∞ xn = x.

2.6.40 DeÐxte ìti gia to sÔnolo C ′ twn shmeÐwn suss¸reushc toÔ C isqÔei C ′ = C
(dhlad  to C eÐnai tèleio sÔnolo).

2.6.41 Melet ste th sunèqeia thc qarakthristik c sun�rthshc χC toÔ C.

2.6.42 'Estw C1 to sÔnolo twn akraÐwn shmeÐwn toÔ C. DeÐxte ìti h sun�rthsh
toÔ Cantor eÐnai gnhsÐwc aÔxousa sto C \ C1.

2.6.43 DeÐxte ìti gia th sun�rthsh f toÔ Cantor isqÔei

f(x) = sup{f(y) : y ∈ C, y ≤ x}, x ∈ [0, 1].

2.6.44 'Estw 0 < α < 1. Kataskeu�zoume èna sÔnolo Cα tÔpou Cantor wc
ex c: Sto pr¸to b ma afairoÔme apì to [0, 1] èna �mesaÐo� anoiktì di�sthma m kouc
(1 − α) 3−1. Sto n b ma afairoÔme 2n−1 anoikt� diast mata m kouc (1 − α) 3−n.
DeÐxte ìti to Cα eÐnai èna tèleio, uperarijm simo sÔnolo pou den perièqei k�nèna
di�sthma.
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2.7 Shmei¸seic
Up�rqei mi� plhj¸ra krithrÐwn sÔgklishc kai apìklishc seir¸n. Poll� apì aut�
up�rqoun sto [5, Kef. 7] kai sto biblÐo [K.Knopp, Theory and Application of
Infinite Series]. Gia th sqetik  ènnoia toÔ apeiroginomènou, parapèmpoume sta [3],
[5]. Perissìtera gia anadiat�xeic seir¸n up�rqoun sta [1] kai [5]. To [5] perièqei
epÐshc perissìterec leptomèreiec gia tic parast�seic arijm¸n.

To sÔnolo toÔ Cantor eÐnai èna apì ta shmantikìtera sÔnola sthn Pragmatik 
An�lush. PrwtoemfanÐsthke to 1875 se mi� ergasÐa toÔ H.Smith en¸ o Cantor
to melèthse lÐgo argìtera, to 1883; bl. [2, sel. 35]. Perissìtera gi� to sÔnolo
toÔ Cantor kai �lla sÔnola toÔ Ðdiou tÔpou up�rqoun sta biblÐa [2], [5] kai sta
�rjra [W.A.Coppel, An interesting Cantor set. Amer. Math. Monthly 90 (1983),
456-460] kai [J.F.Randolph, Distances between points of the Cantor set. Amer.
Math. Monthly 47 (1940), 549-551]. Gia th sun�rthsh toÔ Cantor parapèmpoume
sta �rjra [D.R.Chalice, A characterization of the Cantor function. Amer. Math.
Monthly 98 (1991), 255-258], [E.Hille and J.D.Tamarkin, Remarks on a known
example of a monotone continuous function. Amer. Math. Monthly 36 (1929),
255-264], [O.Dovgoshey, O.Martio, M.Vuorinen, The Cantor function, Expo. Math.
24 (2006), 1-37].
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Kef�laio 3

Di�forec kl�seic
sunart sewn

3.1 Omoiìmorfa suneqeÐc sunart seic

Orismìc 3.1.1 'Estw A ⊂ R. Mi� sun�rthsh f : A → R onom�zetai
suneq c sto shmeÐo xo ∈ A an
(3.1)
∀ε > 0, ∃δ > 0 tètoio ¸ste (x ∈ A kai |x−xo| < δ) ⇒ |f(x)−f(xo)| < ε.

An h f eÐnai suneq c se k�je shmeÐo toÔ A, tìte h f onom�zetai suneq c sto
A.

Orismìc 3.1.2 'Estw A ⊂ R. Mi� sun�rthsh f : A → R onom�zetai omoiì-
morfa suneq c sto A an
(3.2)
∀ε > 0, ∃δ > 0 tètoio ¸ste (x, y ∈ A kai |x−y| < δ) ⇒ |f(x)−f(y)| < ε.

EÐnai profanèc ìti k�je omoiìmorfa suneq c sun�rthsh eÐnai suneq c.
To antÐstrofo den isqÔei, ìpwc deÐqnei to parak�tw par�deigma.

Par�deigma 3.1.3 H sun�rthsh f : (0, 1) → R me f(x) = 1/x eÐnai suneq -
c. ParathroÔme ìti

∣∣∣∣
1
n
− 1

n + 1

∣∣∣∣ → 0 en¸
∣∣∣∣f

(
1
n

)
− f

(
1

n + 1

)∣∣∣∣ = 1, ∀n ∈ N.

'Ara up�rqei ε > 0 (ε = 1) tètoio ¸ste gia k�je δ > 0 mporoÔme na broÔme
zeÔgoc shmeÐwn x, y ∈ (0, 1) (jètoume x = 1/n, y = 1/(n + 1) gia arket�
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meg�lo n) tètoio ¸ste |x − y| < δ kai |f(x) − f(y)| = ε. Dhlad  h f den
eÐnai omoiìmorfa suneq c.

Je¸rhma 3.1.4 'Estw K sumpagèc uposÔnolo toÔ R. An h sun�rthsh f
eÐnai suneq c sto K, tìte eÐnai omoiìmorfa suneq c sto K.

Apìdeixh.
'Estw ε > 0. Lìgw sunèqeiac, gia k�je x ∈ K, up�rqei δx > 0 tètoio ¸ste:
an y ∈ K kai |y − x| < δx, tìte |f(x)− f(y)| < ε. IsqÔei

K ⊂
⋃

x∈K

(
x− δx

2
, x +

δx

2

)
.

Epeid  to K eÐnai sumpagèc, up�rqoun peperasmènou pl jouc shmeÐa tou
x1, x2, . . . xm tètoia ¸ste

K ⊂
m⋃

j=1

(
xj −

δxj

2
, x +

δxj

2

)
.

Jètoume

δ =
1
2

min{δx1 , δx2 , . . . , δxm}.
PaÐrnoume t¸ra x, y ∈ K me |x − y| < δ. Tìte |x − xj | < δxj/2 gia k�poio
j ∈ {1, 2, . . . , m}. Epomènwc

|y − xj | ≤ |x− y|+ |x− xj | < δ +
δxj

2
≤ δxj .

'Ara

|f(x)− f(y)| ≤ |f(x)− f(xj)|+ |f(xj)− f(y)| < ε + ε = 2ε.

¤

Orismìc 3.1.5 'Estw A ⊂ R. Mi� sun�rthsh f : A → R onom�zetai Lips-
chitz sto E ⊂ A an up�rqei K > 0 tètoio ¸ste

(3.3) ∀x, y ∈ E, |f(x)− f(y)| ≤ K |x− y|.

EÐnai eÔkolo na parathr sei kaneÐc ìti k�je sun�rthsh Lipschitz eÐnai
omoiìmorfa suneq c. Pr�gmati an h f eÐnai sun�rthsh Lipschitz, gia do-
jèn ε > 0, paÐrnoume δ = ε/K. An |x − y| < δ, tìte, lìgw thc (3.3),
|f(x)− f(y)| < ε ki epomènwc h f eÐnai omoiìmorfa suneq c. Up�rqoun ìmwc
omoiìmorfa suneqeÐc sunart seic pou den eÐnai Lipschitz.
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Par�deigma 3.1.6 H sun�rthsh f(x) =
√

x, x ∈ [0,∞), eÐnai omoiìmorfa
suneq c sto [0,∞). Autì prokÔptei eÔkola apì thn anisìthta

|√x−√y| ≤
√
|x− y|, x, y ≥ 0.

'Omwc h f den eÐnai sun�rthsh Lipschitz sto [0,∞). Autì apodeiknÔetai wc
ex c: PaÐrnoume y = 0. An h f  tan sun�rthsh Lipschitz tìte ja up rqe
K > 0 tètoio ¸ste |f(x)| ≤ K |x| gia k�je x ≥ 0, dhlad  h sun�rthsh

√
x/x

ja  tan fragmènh sto (0,∞). 'Omwc
√

x/x = 1/
√

x →∞, ìtan x → 0+.

3.2 Monìtonec sunart seic

Orismìc 3.2.1 DÐnetai sun�rthsh f : E → R kai sÔnolo A ⊂ E. H f
onom�zetai aÔxousa sto A an gia ìla ta x, y ∈ A me x < y, isqÔei f(x) ≤
f(y). H f onom�zetai gnhsÐwc aÔxousa sto A an gia ìla ta x, y ∈ A me
x < y, isqÔei f(x) < f(y). H f onom�zetai fjÐnousa sto A an gia ìla ta
x, y ∈ A me x < y, isqÔei f(x) ≥ f(y). H f onom�zetai gnhsÐwc fjÐnousa
sto A an gia ìla ta x, y ∈ A me x < y, isqÔei f(x) > f(y). H f onom�zetai
monìtonh sto A an eÐnai eÐte aÔxousa sto A eÐte fjÐnousa sto A. H f
onom�zetai gnhsÐwc monìtonh sto A an eÐnai eÐte gnhsÐwc aÔxousa sto A
eÐte gnhsÐwc fjÐnousa sto A.

Je¸rhma 3.2.2 An h f : (a, b) → R eÐnai monìtonh sun�rthsh kai an c ∈
(a, b), tìte ta pleurik� ìria f(c+) kai f(c−) up�rqoun kai isqÔei f(c−) ≤
f(c) ≤ f(c+).

Apìdeixh.
Upojètoume ìti h f eÐnai aÔxousa; (alli¸c ergazìmaste me thn −f). O
arijmìc f(c) eÐnai �nw fr�gma toÔ sunìlou {f(t) : t ∈ (a, c)}. Jètoume
s = sup{f(t) : t ∈ (a, c)} kai èqoume s ≤ f(c).

'Estw ε > 0. Up�rqei xo ∈ (a, c) tètoio ¸ste s − ε < f(xo) ≤ s. An
xo < x < c, lìgw monotonÐac,

s− ε < f(xo) ≤ f(x) ≤ s.

Epomènwc an xo < x < c, tìte |f(x)− s| < ε, dhlad  limx→c− f(x) = s.

Me parìmoio trìpo apodeiknÔetai ìti

f(c+) = lim
x→c+

f(x) = inf
t∈(c,b)

f(t) ≥ f(c).

¤
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Je¸rhma 3.2.3 An h f : (a, b) → R eÐnai monìtonh sun�rthsh, tìte h f
èqei to polÔ arijm simou pl jouc shmeÐa asunèqeiac. Se kajèna apì aut� h
f èqei asunèqeia �lmatoc.

Apìdeixh.
Upojètoume ìti h f eÐnai aÔxousa; (alli¸c ergazìmaste me thn −f). Apì
to Je¸rhma 3.2.2, gia k�je c ∈ (a, b), ta pleurik� ìria f(c−) kai f(c+)
up�rqoun kai isqÔei f(c) ≤ f(c) ≤ f(c+). Epomènwc an h f èqei asunèqeia
sto c, tìte aut  eÐnai eÐte apaleÐyimh eÐte asunèqeia �lmatoc. H perÐptwsh
t c apaleÐyimhc asunèqeiac apokleÐetai, diìti an f(c−) = f(c+) tìte to ìrio
limx→c f(x) up�rqei kai eÐnai Ðso me f(c), dhlad  h f eÐnai suneq c sto c.
'Ara h f èqei asunèqeia �lmatoc sto c.

An h f èqei asunèqeia sta shmeÐa c, d me c < d, tìte ta diast mata
(f(c−), f(c+)), (f(d−), f(d+)) eÐnai mh ken� kai xèna, �ra to kajèna perièqei
èna rhtì. 'Etsi mporoÔme na orÐsoume mia 1-1 sunarthsh apì to sÔnolo
twn shmeÐwn asunèqeiac thc f sto Q. Autì sunep�getai ìti to sÔnolo twn
shmeÐwn asunèqeiac thc f eÐnai to polÔ arijm simo. ¤

Parat rhsh 3.2.4 Gia sunart seic monìtonec se kleistì di�sthma (  kai
se genikìtera sÔnola), jewr mata an�loga me ta 3.2.2, 3.2.3 apodeiknÔontai
me parìmoio trìpo.

Pìrisma 3.2.5 An h sun�rthsh f : [a, b] → [c, d] eÐnai monìtonh kai epÐ,
tìte h f eÐnai suneq c.

Apìdeixh.
Upojètoume ìti h f eÐnai aÔxousa. An h f èqei asunèqeia sto shmeÐo xo ∈
[a, b], tìte èqei asunèqeia �lmatoc. 'Ara to di�sthma (f(xo−), f(xo+)) den
perièqetai sto sÔnolo tim¸n thc f an kai eÐnai uposÔnolo tou [c, d]. 'Atopo,
diìti h f eÐnai epÐ. ¤

Par�deigma 3.2.6 H sun�rthsh toÔ Cantor eÐnai aÔxousa sto [0, 1] kai epÐ
toÔ [0, 1]. 'Ara eÐnai suneq c!

3.3 Sunart seic fragmènhc kÔmanshc

Orismìc 3.3.1 An f : [a, b] → R eÐnai mi� sun�rthsh kai

P = {a = to < t1 < · · · < tn = b}
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eÐnai mi� diamèrish toÔ [a, b], h kÔmansh thc f pou antistoiqeÐ sth diamèrish
P eÐnai o arijmìc

V (f, P ) =
n∑

k=1

|f(tk)− f(tk−1)|.

'Estw P mi� diamèrish toÔ [a, b] kai Q = P ∪ {x}, dhlad  h Q eÐnai
diamèrish toÔ [a, b] pou perièqei èna shmeÐo perissìtero apì thn P . MporoÔme
na upojèsoume ìti tj < x < tj+1. IsqÔei

V (f, P ) =
∑

k 6=j+1

|f(tk)− f(tk−1)|+ |f(tj+1)− f(tj)|

≤
∑

k 6=j+1

|f(tk)− f(tk−1)|+ |f(x)− f(tj)|+ |f(tj+1)− f(x)|

= V (f,Q).

SuneqÐzontac epagwgik� mporoÔme na apodeÐxoume ìti an P ⊂ Q, tìte V (f, P ) ≤
V (f,Q).

H P = {a, b} eÐnai h mikrìterh diamèrish tou [a, b]. An Q eÐnai mi� opoiad -
pote �llh, apì ta parap�nw sumperaÐnoume ìti

(3.4) |f(b)− f(a)| = V (f, P ) ≤ V (f, Q).

Orismìc 3.3.2 H olik  kÔmansh thc f sto [a, b] eÐnai o epektetamènoc jetikìc
arijmìc

V b
a f = sup{V (f, P ) : P diamèrish toÔ [a, b]}.

An V b
a f < ∞, h f onom�zetai sun�rthsh fragmènhc kÔmanshc. To sÔnolo

twn sunart sewn fragmènhc kÔmanshc sto [a, b] sumbolÐzetai me BV [a, b].

Par�deigma 3.3.3 K�je monìtonh sun�rthsh f : [a, b] → R eÐnai sun�rthsh
fragmènhc kÔmanshc. Ac upojèsoume ìti h f eÐnai aÔxousa. An P diamèrish
tou [a, b], tìte

V (f, P ) =
n∑

k=1

[f(tk)− f(tk−1)] = f(b)− f(a).

'Ara f ∈ BV [a, b] kai V b
a f = f(b)− f(a). ParomoÐwc, an h f eÐnai fjÐnousa,

tìte V b
a f = f(a)− f(b).
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Prìtash 3.3.4 An f : [a, b] → R eÐnai sun�rthsh fragmènhc kÔmanshc,
tìte h f eÐnai fragmènh kai

‖f‖∞ := sup
x∈[a,b]

|f(x)| ≤ |f(a)|+ V b
a f.

Apìdeixh.
'Estw x ∈ [a, b]. JewroÔme th diamèrish P = {a, x, b}. Tìte

|f(x)− f(a)| ≤ V (f, P ) ≤ V b
a f.

'Ara |f(x)| ≤ |f(a)|+ V b
a f. ¤

Par�deigma 3.3.5 H sun�rthsh f : [0, 1] → R me f(x) = 1
x gia x 6= 0 kai

f(0) = 0 den eÐnai sun�rthsh fragmènhc kÔmanshc diìti den eÐnai fragmènh.

Prìtash 3.3.6 DÐnontai pragmatikèc sunart seic f, g orismènec sto di�sth-
ma [a, b] kai c ∈ R. Tìte
(a) V b

a f = 0 an kai mìno an h f eÐnai stajer .
(b) V b

a (cf) = |c|V b
a f.

(g) V b
a (f + g) ≤ V b

a f + V b
a g.

(d) V b
a (fg) ≤ ‖f‖∞ V b

a g + ‖g‖∞ V b
a f.

(e) V b
a |f | ≤ V b

a f.
(st) An c ∈ [a, b], tìte V b

a f = V c
a f + V b

c f .
Apìdeixh.

Ja apodeÐxoume ta (g) kai (st). Ta upìloipa af nontai gia �skhsh.
Apìdeixh toÔ (g): 'Estw P diamèrish toÔ [a, b]. IsqÔei

V (f + g, P ) =
n∑

k=1

|(f + g)(tk)− (f + g)(tk−1)|

=
n∑

k=1

|f(tk)− f(tk−1) + g(tk)− g(tk−1)|

≤
n∑

k=1

|f(tk)− f(tk−1)|+
n∑

k=1

|g(tk)− g(tk−1)|

= V (f, P ) + V (g, P ) ≤ V b
a f + V b

a g.

PaÐrnoume t¸ra supremum gia ìlec tic diamerÐseic toÔ [a, b] kai prokÔptei to
(g).

Apìdeixh toÔ (st): An Q diamèrish toÔ [a, c] kai R diamèrish toÔ [c, d],
tìte h P := Q ∪R eÐnai diamèrish toÔ [a, b] kai isqÔei

V (f,Q) + V (f, R) = V (f, P ) ≤ V b
a f.
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PaÐrnontac supremum gi� ìlec tic diamerÐseic Q kai R prokÔptei V c
a f+V b

c f ≤
V b

a f.

Gia na apodeÐxoume thn antÐstrofh anisìthta jewroÔme diamèrish P toÔ
[a, b]. Jètoume

Q := (P ∪ {c}) ∩ [a, c] kai R := (P ∪ {c}) ∩ [c, b].

H Q eÐnai diamèrish tou [a, c] kai h R eÐnai diamèrish tou [c, b]. 'Ara

V (f, P ) ≤ V (f, P ∪ {c}) = V (f, Q) + V (f, R) ≤ V c
a f + V b

c f

ki epomènwc V b
a f ≤ V c

a f + V b
c f. ¤

Par�deigma 3.3.7 JewroÔme th sun�rthsh f(x) = |x| gia x ∈ [−2, 1]. H
f eÐnai fjÐnousa sto [−2, 0] kai aÔxousa sto [0, 1]. 'Ara

V 1
−2f = V 0

−2f + V 1
0 f = f(−2)− f(0) + f(1)− f(0) = 3

kai epomènwc f ∈ BV [−2, 1].

H parak�tw prìtash eÐnai polÔ suqn� qr simh gia na apodeÐxoume ìti mi�
sun�rthsh eÐnai fragmènhc kÔmanshc qwrÐc ìmwc na odhgeÐ ston upologismì
thc olik c kÔmanhc.

Prìtash 3.3.8 DÐnetai sun�rthsh f : [a, b] → R, paragwgÐsimh sto [a, b].
An |f ′(x)| ≤ M gia k�je x ∈ [a, b], tìte f ∈ BV [a, b] kai V b

a f ≤ M(b− a).

Apìdeixh.
'Estw P = {to = a < t1 < · · · < tn = b} mi� diamèrish toÔ [a, b]. Apì to
Je¸rhma Mèshc Tim c, gia k�je k ∈ {1, 2, . . . , n} ,up�rqei ξk ∈ (tk−1, tk)
tètoio ¸ste

f(tk)− f(tk−1) = f ′(ξk)(tk − tk−1).

Sunep¸c

V (f, P ) =
n∑

k=1

|f(tk)−f(tk−1)| =
n∑

k=1

|f ′(ξk)|(tk−tk−1) ≤ M

∞∑

k=1

(tk−tk−1) = M(b−a).

'Ara V b
a f ≤ M(b− a). ¤
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Par�deigma 3.3.9

f(x) =

{
0, x = 0
x2 sin 1

x , x ∈ (0, 1/π].

Me qr sh toÔ orismoÔ t c parag¸gou, eÔkola apodeiknÔetai ìti h f eÐnai
paragwgÐsimh sto 0 kai f ′(0) = 0. 'Etsi h f eÐnai paragwgÐsimh sto [0, 1/π]
kai ∀x ∈ (0, 1/π],

|f ′(x)| = |2x sin(1/x)− cos(1/x)| ≤ 2/π + 1.

'Ara h f èqei fragmènh par�gwgo sto [0, 1/π] ki epìmènwc f ∈ BV [0, 1/π].

Par�deigma 3.3.10

f(x) =

{
0, x ∈ [0, 1]
1, x ∈ (1, 2].

H f eÐnai aÔxousa sto [0, 2]. 'Ara V 2
0 f = f(2)− f(0) = 1.

Par�deigma 3.3.11

f(x) =

{
x, x ∈ [0, 1]
−x, x ∈ (1, 2].

H f eÐnai aÔxousa sto [0, 1] kai fjÐnousa sto [1, 2]. 'Ara

V 2
0 f = V 1

0 f + V 2
1 f = f(1)− f(0) + f(1)− f(2) = 4.

Par�deigma 3.3.12

f(x) =

{
x, x ∈ [0, 1]
x− 2, x ∈ (1, 2].

Koit¸ntac th grafik  par�stash t c f manteÔoume ìti V 2
0 f = 4. Ja deÐxoume

ìti h eikasÐa aut  eÐnai alhj c. 'Estw 0 < ε < 1/2. JewroÔme th diamèrish
Pε = {0, 1, 1 + ε, 2} toÔ [0, 2]. IsqÔei

V 2
0 f ≥ V (f, Pε) = |f(1)−f(0)|+ |f(1+ε)−f(1)|+ |f(2)−f(1+ε)| = 4−2ε.

PaÐrnoume ìrio gia ε → 0 kai prokÔptei V 2
0 f ≥ 4.
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Gia thn antÐstrofh anisìthta, jewroÔme tuqoÔsa diamèrish P = {t0 <
t1 < . . . tn} toÔ [0, 2]. Up�rqei monadikì m ∈ {1, 2, . . . , n − 1} ètsi ¸ste
tm ≤ 1 < tm+1. ParathroÔme ìti 0 < tm ≤ 1 kai 1 < tm+1 ≤ 2. Jètoume
P1 = {0, t1, . . . , tm} kai P2 = {tm+1, tm+2, . . . , 2}. H P1 eÐnai diamèrish toÔ
[0, tm]. 'Ara

V (f, P1) ≤ V tm
0 f = f(tm)− 0 = tm.

H P2 eÐnai diamèrish toÔ [tm+1, 2]. 'Ara

V (f, P2) ≤ V 2
tm+1

f = f(2)− f(tm+1) = 2− tm+1.

Telik� loipìn

V (f, P ) = V (f, P1) + |f(tm+1)− f(tm)|+ V (f, P2)
≤ tm + tm + 2− tm+1 + 2− tm+1 = 2tm + 4− 2tm+1 ≤ 2 + 4− 2 = 4.

Epeid  h P eÐnai tuqaÐa diamèrish toÔ [0, 2], isqÔei V 2
0 f ≤ 4. 'Ara V 2

0 f = 4.

Orismìc 3.3.13 An f ∈ BV [a, b], h sun�rthsh olik c kÔmanshc t c f
eÐnai h

vf (x) = V x
a f, x ∈ [a, b],

me th sÔmbash V a
a f = 0.

Par�deigma 3.3.14 Ja broÔme th sun�rthsh olik c kÔmanshc thc sun�rthsh-
c f(x) = cosx, x ∈ [−π, π]. 'Estw x ∈ [−π, 0]. Tìte

V x
−πf = f(x)− f(−π) = cos x + 1.

Gia x ∈ [0, π],

V x
−πf = V 0

−πf + V x
0 f = f(0)− f(−π) + f(0)− f(x) = 3− cosx.

'Ara h sun�rthsh olik c kÔmanshc eÐnai h

vf (x) =

{
cosx + 1, x ∈ [−π, 0],
3− cosx, x ∈ [0, π].

Je¸rhma 3.3.15 'Estw f ∈ BV [a, b] me sun�rthsh olik c kÔmanshc vf .
Oi sunart seic vf kai vf − f eÐnai aÔxousec.
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Apìdeixh.
'Estw x < y sto [a, b]. Apì thn Prìtash 3.3.6(st),

vf (y)− vf (x) = V y
a f − V x

a f = V y
x f ≥ |f(y)− f(x)| ≥ 0.

'Ara h vf eÐnai aÔxousa. H parap�nw anisìthta dÐnei epÐshc

vf (y)− vf (x) ≥ f(y)− f(x),

dhlad  vf (y)− f(y) ≥ vf (x)− f(x). 'Ara kai h vf − f eÐnai aÔxousa. ¤

Pìrisma 3.3.16 'Estw f : [a, b] → R mi� sun�rthsh. Tìte f ∈ BV [a, b] an
kai mìno an h f eÐnai diafor� dÔo auxous¸n sunart sewn.
Apìdeixh.
An f ∈ BV [a, b], tìte f = vf − (vf − f) kai lìgw toÔ Jewr matoc 3.3.15 oi
sunart seic vf kai vf − f eÐnai aÔxousec.

Antistrìfwc, upojètoume ìti f = f1− f2, ìpou f1, f2 aÔxousec sunart -
seic. Tìte f1, f2 ∈ BV [a, b] (bl. Par�deigma 3.3.3). 'Ara f ∈ BV [a, b] lìgw
thc Prìtashc 3.3.6(g). ¤

Apì ta Jewr mata 3.2.2, 3.2.3 (bl. kai Parat rhsh 3.2.4) prokÔptei to
akìloujo:

Pìrisma 3.3.17 K�je sun�rthsh f fragmènhc kÔmanshc èqei to polÔ ar-
ijm simou pl jouc asunèqeiec. K�je asunèqeia t c f eÐnai eÐte apaleÐyimh
eÐte asunèqeia �lmatoc.

Par�deigma 3.3.18 Sto Par�deigma 3.3.5 eÐdame mi� sun�rthsh sto [0, 1] h
opoÐa den eÐnai fragmènhc kÔmanshc epeid  den eÐnai fragmènh. Ja doÔme t¸ra
mi� fragmènh sun�rthsh pou den eÐnai fragmènhc kÔmanshc. H sun�rthsh
f : [0, 1] → R orÐzetai wc ex c: eÐnai suneq c, ikanopoieÐ tic isìthtec f(0) = 0,
f(1/n) = (−1)n/n gia n ∈ N, kai se kajèna apì ta diast mata [1/(n +
1), 1/n] h grafik  thc par�stash eÐnai èna eujÔgrammo tm ma. JewroÔme thn
akoloujÐa twn diamerÐsewn

Pn =
{

0,
1
n

,
1

n− 1
, . . . ,

1
2
, 1

}
, n ∈ N.

Tìte

V (f, Pn) =
1
n

+
n∑

k=2

∣∣∣∣
(−1)k

k
− (−1)k−1

k − 1

∣∣∣∣

=
1
n

+
n∑

k=2

(
1
k

+
1

k − 1

)
>

n∑

k=1

1
k
.
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PaÐrnoume ìria gia n → ∞ kai sumperaÐnoume ìti V 1
0 f = ∞, dhlad  f /∈

BV [0, 1].

Par�deigma 3.3.19 JewroÔme th sun�rthsh

f(x) =

{
x sin(1/x), x ∈ (0, 1]
0, x = 0.

H f eÐnai suneq c sto [0, 1]. Gia n ∈ N, èstw P mi� opoiad pote diamèrish
toÔ [0, 1] pou perièqei ta shmeÐa tk = 2/[(2k + 1)π] gia k = 0, . . . , n. IsqÔei

|f(tk)− f(tk−1)| = tk + tk−1 ≥ 2tk =
4

(2k + 1)π
.

Sunep¸c

V (f, P ) ≥
n∑

k=1

4
(2k + 1)π

→∞, ìtan n →∞.

'Ara f /∈ BV [0, 1].

Oi sunart seic fragmènhc kÔmanshc sqetÐzontai �mesa me thn ènnoia toÔ
m kouc kampÔlhc. Mi� epÐpedh kampÔlh, dhlad  mi� suneq c sun�rthsh
F : [a, b] → R2, orÐzei dÔo sunart seic x : [a, b] → R kai y : [a, b] → R, ìpou

F (t) = (x(t), y(t)), t ∈ [a, b].

Oi x, y eÐnai oi sunist¸sec sunart seic thc F . Ja doÔme ìti mia epÐpedh
kampÔlh èqei peperasmèno m koc an kai mìno an oi sunart seic x, y èqoun
fragmènh kÔmansh.

Orismìc 3.3.20 DÐnetai mi� epÐpedh kampÔlh F : [a, b] → R2 me sunist¸sec
sunart seic x, y. An P = {a = t0 < t1 < · · · < tn = b} eÐnai mi� diamèrish
toÔ [a, b] orÐzoume

L(F, P ) =
n∑

k=1

‖F (tk)−F (tk−1)‖ =
n∑

k=1

√
(x(tk)− x(tk−1))2 + (y(tk)− y(tk−1))2.

To m koc thc kampÔlhc eÐnai o epektetamènoc arijmìc

L(F ) := sup{L(F, P ) : P diamèrish tou [a, b]}.
H kampÔlh onom�zetai eujugrammÐsimh an èqei peperasmèno m koc.
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Je¸rhma 3.3.21 DÐnetai mi� epÐpedh kampÔlh F : [a, b] → R2. H F eÐ-
nai eujugrammÐsimh an kai mìno an oi sunist¸sec sunart seic x kai y eÐnai
fragmènhc kÔmanshc.

Apìdeixh.
'Estw P = {a = t0 < t1 < · · · < tn = b} mi� diamèrish tou [a, b]. Gia k�je
k ∈ {1, 2, . . . , n}, isqÔei

|x(tk)− x(tk−1)| ≤
√

(x(tk)− x(tk−1))2 + (y(tk)− y(tk−1))2

≤ |x(tk)− x(tk−1)|+ |y(tk)− y(tk−1)|

kai

|y(tk)− y(tk−1)| ≤
√

(x(tk)− x(tk−1))2 + (y(tk)− y(tk−1))2

≤ |x(tk)− x(tk−1)|+ |y(tk)− y(tk−1)|

'Ara

V (x, P ) ≤ L(F, P ) ≤ V (x, P ) + V (y, P )(3.5)
V (y, P ) ≤ L(F, P ) ≤ V (x, P ) + V (y, P ).(3.6)

Apì tic (3.5) kai (3.6) prokÔptei ìti x, y ∈ BV [a, b] an kai mìno an h F eÐnai
eujugrammÐsimh. ¤

3.4 ∗ Apìluta suneqeÐc sunart seic

Orismìc 3.4.1 Mi� sun�rthsh f : [a, b] → R onom�zetai apìluta suneq c
sto [a, b] ìtan gia k�je ε > 0, up�rqei δ > 0 me thn idiìthta: an (a1, b1),
(a2, b2), . . . , (an, bn) eÐnai xèna an� dÔo diast mata mèsa sto [a, b] kai

n∑

j=1

(bj − aj) < δ, tìte
n∑

j=1

|f(bj)− f(aj)| < ε.

SumbolÐzoume to sÔnolo twn apìluta suneq¸n sunart sewn sto [a, b] me
AC[a, b].

Apì ton orismì prokÔptei �mesa (jètontac n = 1) ìti k�je apìluta
suneq c sun�rthsh eÐnai omoiìmorfa suneq c. EpÐshc eÔkola faÐnetai ìti,
an ston orismì jewr soume arijm simo (kai ìqi peperasmèno) pl joc upodi-
asthm�twn toÔ [a, b], prokÔptei h Ðdia kl�sh sunart sewn.
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Prìtash 3.4.2 K�je sun�rthsh Lipschitz sto [a, b] eÐnai apìluta suneq c
sto [a, b].
Apìdeixh.
'Estw f sun�rthsh Lipschitz sto [a, b] me stajer� K. JewroÔme xèna upodi-
ast mata (a1, b1), (a2, b2), . . . , (an, bn) toÔ [a, b]. Tìte

n∑

j=1

|f(bj)− f(aj)| ≤
n∑

j=1

K (bj − aj).

Epomènwc, gia dojèn ε > 0, an
∑n

j=1(bj−aj) < δ = ε/K, tìte
∑n

j=1 |f(bj)−
f(aj)| < ε. 'Ara h f eÐnai apìluta suneq c sto [a, b]. ¤

Prìtash 3.4.3 An f, g ∈ AC[a, b], tìte f + g ∈ AC[a, b], f − g ∈ AC[a, b],
fg ∈ AC[a, b], |f | ∈ AC[a, b], cf ∈ AC[a, b] (c ∈ R). An epiplèon g(x) 6= 0
gia k�je x ∈ [a, b], tìte f/g ∈ AC[a, b].
Apìdeixh.
Ja apodeÐxoume mìno tìn teleutaÐo isqurismì, oi upìloipoi af nontai gia
�skhsh. H |f | wc suneq c sto [a, b] èqei mègisto Mf ≥ 0 kai paromoÐwc h |g|
èqei mègisto Mg sto [a, b]. H |g| wc suneq c kai poujen� mhdenik  sto [a, b]
èqei el�qisto m > 0.

'Estw ε > 0. Epeid  oi f, g eÐnai apìluta suneqeÐc, gia autì to ε up�rqoun
kat�llhla δf kai δg sÔmfwna me ton orismì 3.4.1. Jètoume δ = min{δf , δg}.
JewroÔme xèna an� dÔo diast mata (a1, b1), (a2, b2), . . . , (an, bn) mèsa sto
[a, b] me

n∑

j=1

(bj − aj) < δ.

Tìte
n∑

j=1

∣∣∣∣
f(bj)
g(bj)

− f(aj)
g(aj)

∣∣∣∣

=
n∑

j=1

∣∣∣∣
f(bj)g(aj)− g(aj)f(aj) + g(aj)f(aj)− f(aj)g(bj)|

g(bj)g(aj)

∣∣∣∣

≤
n∑

j=1

|g(aj)| |f(bj)− f(aj)|+ |f(aj)| |g(bj)− g(aj)|
|g(bj)g(aj)|

≤ Mgε + Mfε

m2
.

Epomènwc h f
g eÐnai apìluta suneq c. ¤
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Je¸rhma 3.4.4 K�je apìluta suneq c sun�rthsh sto [a, b] eÐnai sun�rthsh
fragmènhc kÔmanshc.

Apìdeixh.
'Estw f mi� apìluta suneq c sun�rthsh sto [a, b]. Gia ε = 1 dialègoume
δ > 0 sÔmfwna me ton orismì 3.4.1.

'Estw P = {a = t0 < t1 < · · · < tm = b} mi� diamèrish toÔ [a, b] me
tj − tj−1 < δ gia k�je j = 1, 2, . . . ,m. Ja deÐxoume ìti h f eÐnai fragmènhc
kÔmanshc se kajèna apì ta diast mata [tj−1, tj ]. JewroÔme tuqaÐa diamèrish

Pj = {tj−1 = τ j
0 < τ j

1 < · · · < τ j
mj

= tj}

toÔ diast matoc [tj−1, tj ]. Ta diast mata thc Pj , wc uposÔnola twn diasth-
m�twn thc P èqoun ìla m koc mikrìtero toÔ δ. 'Ara

V (f, Pj) =
mj∑

i=1

|f(τ j
i )− f(τ j

i−1)| < 1.

'Ara f ∈ BV [tj−1, tj ] kai m�lista V
tj
tj−1

f ≤ 1. Lìgw thc Prìtashc 3.3.6(st)
èqoume f ∈ BV [a, b] kai m�lista

V b
a f = V t1

a f + V t2
t1

f + · · ·+ V b
tm−1

f ≤ m.

¤

3.5 ∗ Kurtèc sunart seic

Orismìc 3.5.1 'Estw I ⊂ R èna di�sthma. Mi� sun�rthsh f : I → R
onom�zetai kurt  an gia k�je zeÔgoc shmeÐwn a, b ∈ I kai k�je t ∈ [0, 1],
isqÔei

(3.7) f((1− t)a + tb) ≤ (1− t)f(a) + tf(b).

Mi� sun�rthsh f : I → R onom�zetai koÐlh an h −f eÐnai kurt .

Parat rhsh 3.5.2 Gr�fontac x = (1− t)a + tb, blèpoume ìti h anisìthta
(3.7) eÐnai isodÔnamh me thn

(3.8) f(x) ≤ b− x

b− a
f(a) +

x− a

b− a
f(b) =

f(b)− f(a)
b− a

(x− a) + f(a),

gia k�je zeÔgoc shmeÐwn a, b ∈ I kai k�je x metaxÔ a kai b.
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H eujeÐa pou pern� apì ta shmeÐa (a, f(a)) kai (b, f(b)) èqei exÐswsh

y =
f(b)− f(a)

b− a
(x− a) + f(a).

'Ara h f eÐnai kurt  sto I an kai mìno an gia k�je zeÔgoc shmeÐwn a, b ∈ I,
a < b, to eujÔgrammo tm ma pou en¸nei ta shmeÐa (a, f(a)) kai (b, f(b)) eÐnai
p�nw apì to gr�fhma thc f sto [a, b].

Mi� �llh sunèpeia thc (3.8) eÐnai h anisìthta

(3.9) f(x) ≤ max{f(a), f(b)},
gia f kurt  sto I, a, b ∈ I, a < b, kai x ∈ [a, b].

Par�deigma 3.5.3 (a) H sun�rthsh f(x) = x2 eÐnai kurt  sto R. Pr�g-
mati, an a < b kai x ∈ [a, b], tìte h (3.8) eÐnai isodÔnamh me thn

x2 − (b + a)x + ab ≤ 0

h opoÐa eÐnai alhj c.
(b) H sun�rthsh g(x) = |x| eÐnai kurt  sto R; h (3.7) epalhjeÔtai eÔkola:

g((1− t)a + tb) = |(1− t)a + tb| ≤ (1− t)|a|+ t|b| = (1− t)g(a) + tg(b).

(g) Mi� sun�rthsh φ : R → R thc morf c φ(x) = ax + b, ìpou a, b eÐnai
pragmatikèc stajerèc onom�zetai afinik . EÐnai eÔkolo na deÐ kaneÐc ìti
k�je afinik  sun�rthsh ikanopoieÐ thn (3.7) me isìthta. 'Ara k�je afinik 
sun�rthsh eÐnai kai kurt  kai koÐlh.

L mma 3.5.4 DÐnetai kurt  sun�rthsh f sto di�sthma I. An a, b, c ∈ I kai
a < b < c, tìte

(3.10)
f(b)− f(a)

b− a
≤ f(c)− f(a)

c− a
≤ f(c)− f(b)

c− b
.

Apìdeixh.
Apì thn profan  isìthta

b =
c− b

c− a
a +

b− a

c− a
c

kai thn (3.8) prokÔptei h anisìthta

(3.11) f(b) ≤ c− b

c− a
f(a) +

b− a

c− a
f(c)

apì thn opoÐa prokÔptoun eÔkola kai oi dÔo anisìthtec (3.10). ¤

JumÐzoume t¸ra touc orismoÔc thc arister c kai thc dexi�c parag¸gou
mi�c sun�rthshc.
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Orismìc 3.5.5 'Estw I anoiktì di�sthma. JewroÔme sun�rthsh f : I → R
kai shmeÐo x ∈ I. Lème ìti h f èqei arister  par�gwgo sto x an to ìrio

f ′−(x) := lim
h→0−

f(x + h)− f(x)
h

up�rqei (wc pragmatikìc arijmìc).
Lème ìti h f èqei dexi� par�gwgo sto x an to ìrio

f ′+(x) := lim
h→0+

f(x + h)− f(x)
h

up�rqei (wc pragmatikìc arijmìc).

Je¸rhma 3.5.6 DÐnetai kurt  sun�rthsh f sto anoiktì di�sthma I. IsqÔ-
oun ta akìlouja:
(a) H f èqei dexi� kai arister  par�gwgo se k�je x ∈ I.
(b) Oi f ′+ kai f ′− eÐnai aÔxousec sunart seic sto I.
(g) f ′− ≤ f ′+ sto I.
(d) H f eÐnai paragwgÐsimh se ìla ektìc apì to polÔ arijmhsÐmou pl jouc
shmeÐa toÔ I.
(e) An [a, b] ⊂ I, h f eÐnai sun�rthsh Lipschitz sto [a, b]. Epiplèon, an
M := max{|f ′+(a)|, |f ′−(b)|}, tìte

|f(x)− f(y)| ≤ M |x− y|,

gia k�je x, y ∈ [a, b].
(st) H f eÐnai suneq c sto I.

Apìdeixh.
StajeropoioÔme x ∈ I. Apì to L mma 3.5.4, h sun�rthsh

φ(h) :=
f(x + h)− f(x)

h

eÐnai fjÐnousa se mia perioq  toÔ 0 (ektìc apì to shmeÐo 0). 'Ara

(3.12) f ′−(x) = lim
h→0−

φ(h) ≤ lim
h→0+

φ(h) = f ′+(x).

Epomènwc ta (a) kai (g) apodeÐqjhkan.

JewroÔme shmeÐa a < b sto I. Apì to L mma 3.5.4 prokÔptei ìti

f ′+(a) ≤ f(b)− f(a)
b− a

≤ lim
c→b+

f(c)− f(b)
c− b

= f ′+(b).
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'Ara h f ′+ eÐnai aÔxousa. ParomoÐwc apodeiknÔetai ìti kai h f ′− eÐnai aÔxousa.
'Etsi apodeÐqjhke kai to (b).

Apì to L mma 3.5.4 prokÔptei epÐshc ìti an a < c, tìte f ′+(a) ≤ f ′−(c).
'Estw t¸ra èna shmeÐo a ∈ I sto opoÐo h aÔxousa sun�rthsh f ′− eÐnai suneq c.
Tìte

f ′−(a) ≤ f ′+(a) ≤ lim
c→a+

f ′−(c) = f ′−(a).

Epomènwc f ′−(a) = f ′+(a), dhlad  h f eÐnai paragwgÐsimh sto a. Epeid  h
aÔxousa sun�rthsh f ′− èqei to polÔ arijmhsÐmou pl jouc shmeÐa asunèqeiac,
sumperaÐnoume ìti h f den eÐnai paragwgÐsimh mìno se peperasmènou   ari-
jmhsÐmou pl jouc shmeÐa toÔ I. 'Etsi apodeÐqjhke kai to (d).

JewroÔme t¸ra kleistì di�sthma [a, b] ⊂ I kai shmeÐa a ≤ x < y ≤ b.
Tìte

−M ≤ f ′+(a) ≤ f ′+(x) ≤ f(x)− f(y)
x− y

≤ f ′−(y) ≤ f ′−(b) ≤ M

kai h (e) prokÔptei �mesa. Tèloc h (st) eÐnai profan c sunèpeia thc (e). ¤

'Eqontac sto mualì mac th gewmetrik  ermhneÐa thc kurtìthtac (bl. Parat rhsh
3.5.2), eÐnai eÔlogo na eik�soume ìti to gr�fhma mi�c kurt c sun�rthshc
brÐsketai p�nw apì k�je efaptìmenh eujeÐa tou. Bèbaia mi� kurt  sun�rthsh
den eÐnai pantoÔ paragwgÐsimh kai epomènwc to gr�fhm� thc den èqei efap-
tìmenh eujeÐa se k�je shmeÐo tou. 'Omwc, q�rh sto Je¸rhma 3.5.6, h f
èqei pleurikèc parag¸gouc kai m�lista f ′− ≤ f ′+. 'Etsi se èna shmeÐo c s-
to opoÐo h f den eÐnai paragwgÐsimh mporoÔme na jewr soume eujeÐec klÐshc
λ ∈ [f ′−(c), f ′+(c)]. To parak�tw je¸rhma eggu�tai ìti ìlec autèc oi eujeÐec
eÐnai k�tw apì to gr�fhma thc f .

Je¸rhma 3.5.7 DÐnetai kurt  sun�rthsh f sto anoiktì di�sthma I. 'Estw
c ∈ I. 'Estw λ ∈ [f ′−(c), f ′+(c)]. Tìte gia k�je x ∈ I,

(3.13) f(x) ≥ λ(x− c) + f(c).
Apìdeixh.
Apì to L mma 3.5.4 prokÔptei ìti gia x > c,

f(x)− f(c)
x− c

≥ f ′+(c) ≥ λ

kai gia x < c,
f(x)− f(c)

x− c
≤ f ′−(c) ≤ λ.

H (3.13) eÐnai �mesh sunèpeia twn parap�nw anisot twn. ¤
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Je¸rhma 3.5.8 (Anisìthta Jensen)DÐnetai kurt  sun�rthsh f sto anoik-
tì di�sthma I. Upojètoume ìti ta shmeÐa x1 ≤ x2 ≤ · · · ≤ xn an koun sto I
kai arijmoÐ p1, p2, . . . , pn ∈ (0,∞) ikanopoioÔn thn isìthta

n∑

j=1

pj = 1.

Tìte

(3.14) f




n∑

j=1

pjxj


 ≤

n∑

j=1

pjf(xj).

H isìthta isqÔei sthn (3.14) an kai mìno an h f eÐnai afinik  sto di�sthma
[x1, xn].

Apìdeixh.
Jètoume

c = p1x1 + p2x2 + · · ·+ pnxn.

EÐnai eÔkolo na doÔme ìti c ∈ [x1, xn]; �ra c ∈ I. Efarmìzoume to Je¸rhma
3.5.7 gia x = xj kai prokÔptei

(3.15) f(xj) ≥ λ(xj − c) + f(c), j = 1, 2, . . . , n.

Pollaplasi�zoume aristerì kai dexÐ mèloc thc anisìthtac aut c me pj kai
sth sunèqeia prosjètoume kat� mèlh. ProkÔptei h (3.14).

'Estw ìti h f eÐnai afinik  sto [x1, xn]. Tìte eÐnai eÔkolo na doÔme ìti
h (3.14) isqÔei me isìthta. Antistrìfwc, ac upojèsoume ìti èqoume isìthta
sthn (3.14). Tìte h (3.15) isqÔei me isìthta gia k�je j = 1, 2, . . . , n. Epomèn-
wc, an jèsoume φ(x) = λ(x−c)+f(c), isqÔei f(xj) = φ(xj), j = 1, 2, . . . , n.
Efarmìzontac t¸ra thn (3.8), brÐskoume ìti f(x) ≤ φ(x), ∀x ∈ [x1, xn].
Apì thn �llh meri�, apì to Je¸rhma 3.5.7 prokÔptei ìti f(x) ≥ φ(x), ∀x ∈
[x1, xn]. 'Ara f = φ, dhlad  h f eÐnai afinik  sto [x1, xn]. ¤

Je¸rhma 3.5.9 (Anisìthta Jensen gia oloklhr¸mata Riemann) 'Est-
w f mi� sun�rthsh oloklhr¸simh kat� Riemann sto [a, b]. An m ≤ f(x) ≤
M , ∀x ∈ [a, b] kai h φ eÐnai suneq c kai kurt  sto [m,M ], tìte

(3.16) φ

(
1

b− a

∫ b

a
f

)
≤ 1

b− a

∫ b

a
(φ ◦ f).
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Apìdeixh.
Apì to Je¸rhma 3.5.8,

φ

(
n∑

k=1

1
n

f

(
a + k

b− a

n

))
≤

n∑

k=1

1
n

φ

(
f

(
a + k

b− a

n

))
.

parathroÔme ìti ta parap�nw eÐnai ajroÐsmata Riemann. PaÐrnoume ìria gia
n →∞ kai prokÔptei h (3.16). ¤

Je¸rhma 3.5.10 DÐnetai sun�rthsh f paragwgÐsimh sto anoiktì di�sthma
I. H f eÐnai kurt  sto I an kai mìno an h f ′ eÐnai aÔxousa sto I.

Apìdeixh.
An h f eÐnai kurt  sto I, tìte, lìgw toÔ Jewr matoc 3.5.6(b), h f ′ eÐnai
aÔxousa sto I.

Antistrìfwc, upojètoume ìti h f ′ eÐnai aÔxousa sto I. 'Estw ìti h f den
eÐnai kurt  sto I. Tìte, lìgw t c (3.8), up�rqei tri�da shmeÐwn a < x < b
sto I tètoia ¸ste

f(x) >
b− x

b− a
f(a) +

x− a

b− a
f(b).

H anisìthta aut  eÐnai isodÔnamh me thn

f(x)− f(a)
x− a

>
f(b)− f(x)

b− x
.

'Apì to Je¸rhma Mèshc Tim c up�rqoun shmeÐa ξ ∈ (a, x) kai η ∈ (x, b)
tètoia ¸ste f ′(ξ) > f ′(η). 'Atopo, diìti h f ′ eÐnai aÔxousa. ¤

Pìrisma 3.5.11 DÐnetai sun�rthsh f dÔo forèc paragwgÐsimh sto anoiktì
di�sthma I. H f eÐnai kurt  sto I an kai mìno an h f ′′(x) ≥ 0 gia k�je x ∈ I.

3.6 Ask seic

Omoiìmorfa suneqeÐc sunart seic

3.6.1 Exet�ste poièc apì tic akìloujec sunart seic eÐnai omoiìmorfa suneqeÐc
sto (0, 1).
(a) f(x) = ex, (b) f(x) = e1/x, (g) f(x) = e−1/x, (d) f(x) = log x.
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3.6.2 Exet�ste poièc apì tic akìloujec sunart seic eÐnai omoiìmorfa suneqeÐc
sto [0,∞).
(a) f(x) = ex, (b) f(x) = x sin x, (g) f(x) = sin(x2), (d) f(x) = sin2 x.

3.6.3 Upojètoume ìti h f : R→ R eÐnai suneq c kai ìti ta ìria limx→∞ f(x) kai
limx→−∞ f(x) up�rqoun (∈ R). DeÐxte ìti h f eÐnai omoiìmorfa suneq c sto R.

3.6.4 DÐnetai paragwgÐsimh sun�rthsh f : (a, b) → R. DeÐxte ìti h f èqei frag-
mènh par�gwgo, an kai mìno an eÐnai sun�rthsh Lipschitz sto (a, b).

3.6.5 An oi f, g eÐnai Lipschitz sto [a, b], deÐxte ìti kai oi f + g, f − g, fg eÐnai
Lipschitz sto [a, b]. An epiplèon f(x) 6= 0 gia k�je x ∈ [a, b], tìte kai h 1/f eÐnai
Lipschitz sto [a, b].

3.6.6 DeÐxte ìti k�je sun�rthsh f : N→ R eÐnai omoiìmorfa suneq c.

3.6.7 Exet�ste poièc apì tic akìloujec sunart seic eÐnai omoiìmorfa suneqeÐc
sto (0, 1).
(a) f(x) = sin 1

x , (b) f(x) = cot x.

3.6.8 Exet�ste poièc apì tic akìloujec sunart seic eÐnai omoiìmorfa suneqeÐc
sto [0,∞).
(a) f(x) =

√
x, (b) f(x) = sin

√
x, (g) f(x) = sin(sin x).

3.6.9 'Estw E ⊂ R èna sÔnolo pou eÐnai fragmèno all� ìqi sumpagèc. BreÐte
suneq  sun�rthsh f : E → R pou den eÐnai omoiìmorfa suneq c.

3.6.10 BreÐte fragmènh kai suneq  sun�rthsh f : R→ R pou den eÐnai omoiìmorfa
suneq c.

3.6.11 DÐnetai mi� omoiìmorfa suneq c sun�rthsh f : R → R. An h akoloujÐa
{an} eÐnai Cauchy, deÐxte ìti kai h akoloujÐa {f(an)} eÐnai Cauchy.

3.6.12 Swstì   L�joc?
(a) To �jroisma dÔo omoiìmorfa suneq¸n sunart sewn eÐnai omoiìmorfa suneq c
sun�rthsh.
(b) To ginìmeno dÔo omoiìmorfa suneq¸n sunart sewn eÐnai omoiìmorfa suneq c
sun�rthsh.

3.6.13 Swstì   L�joc?
(a) An h f eÐnai omoiìmorfa suneq c sto (0, 2) kai sto (1, 3), tìte h f eÐnai omoiì-
morfa suneq c sto (0, 3).
(b) An h f eÐnai omoiìmorfa suneq c sto [k, k + 1] gia k�je k ∈ Z, tìte h f eÐnai
omoiìmorfa suneq c sto R.
(g) An h f eÐnai omoiìmorfa suneq c sto (a, b] kai sto [b, c), tìte h f eÐnai omoiì-
morfa suneq c sto (a, c).
(d) An A,B eÐnai kleist� uposÔnola toÔ R kai h f : A ∪ B → R eÐnai omoiìmorfa
suneq c sto A kai sto B, tìte h f eÐnai omoiìmorfa suneq c sto A ∪B.
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3.6.14 An h f : (0, 1) → R eÐnai omoiìmorfa suneq c, deÐxte ìti to ìrio limx→0+ f(x)
up�rqei kai ìti h f eÐnai fragmènh sto (0, 1).

3.6.15? DÐnontai sun�rthsh f : R→ R kai shmeÐo a ∈ R. OrÐzoume

F (x) =
f(x)− f(a)

x− a
, x ∈ R \ {a}.

DeÐxte ìti h f eÐnai paragwgÐsimh sto a an kai mìno an h F eÐnai omoiìmorfa suneq c
se èna sÔnolo thc morf c (a− ε, a + ε) \ {a}, ìpou ε > 0.

3.6.16 DeÐxte ìti an h f : [a,∞) → R eÐnai suneq c kai to limx→∞ f(x) eÐnai
peperasmènoc arijmìc, tìte h f eÐnai omoiìmorfa suneq c sto [a,∞).

3.6.17 Exet�ste wc proc thn omoiìmorfh sunèqeia tic sunart seic
(a) f(x) = arctanx sto R.
(b) f(x) = x sin 1

x sto (0,∞).
(g) f(x) = e−1/x sto (0,∞).

3.6.18 Swstì   L�joc?
Up�rqei omoiìmorfa suneq c sun�rthsh f : R→ R pou den eÐnai fragmènh.

3.6.19 Upojètoume ìti h f eÐnai omoiìmorfa suneq c sto (0,∞). Up�rqoun p�nta
ta ìria limx→0+ f(x) kai limx→∞ f(x)?

3.6.20 DÐnetai omoiìmorfa suneq c sun�rthsh f : [0,∞) → R. DeÐxte ìti an gia
k�je x ≥ 0, limn→∞ f(x + n) = 0, tìte limx→∞ f(x) = 0.

3.6.21 DeÐxte ìti h sun�rthsh f eÐnai omoiìmorfa suneq c sto sÔnolo A an kai
mìno an gia opoiesd pote duì akoloujÐec {xn}, {yn} toÔ A,

lim
n→∞

(xn − yn) = 0 =⇒ lim
n→∞

(f(xn)− f(yn)) = 0.

3.6.22 Mi� sun�rthsh f : R → R lègetai sun�rthsh Lipschitz t�xhc α, ìpou
α > 0, an up�rqei K > 0 tètoio ¸ste

|f(x)− f(y)| ≤ K |x− y|α, ∀x, y ∈ R.

(a) DeÐxte ìti k�je sun�rthsh Lipschitz t�xhc α, ìpou α > 1, eÐnai stajer .
(b) DeÐxte ìti k�je sun�rthsh Lipschitz t�xhc α, ìpou α ≤ 1, eÐnai omoiìmorfa
suneq c.

3.6.23 DeÐxte ìti h sun�rthsh xα eÐnai omoiìmorfa suneq c sto (0,∞) an kai
mìno an 0 ≤ α ≤ 1.
Upìdeixh: An 0 < α ≤ 1, h xα eÐnai Lipschitz t�xhc α. Eid�llwc, an gia par�deigma
α = 2, tìte qrhsimopoi ste th sÔgklish limn→∞(

√
n + 1−√n) = 0.
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3.6.24 DÐnetai suneq c sun�rthsh f : (0, 1) → R. Upojètoume ìti ta pleurik�
ìria f(0+) kai f(1−) up�rqoun. OrÐzoume sun�rthsh F : [0, 1] → R jètontac
F = f sto (0, 1), F (0) = f(0+) kai F (1) = f(1−). DeÐxte ìti h F eÐnai omoiìmorfa
suneq c.

3.6.25? DÐnetai omoiìmorfa suneq c sun�rthsh f : E → R, ìpou E puknì up-
osÔnolo toÔ R. DeÐxte ìti up�rqei monadik  omoiìmorfa suneq c epèktash thc f
sto R.

3.6.26 H ènnoia thc omoiìmorfhc sunèqeiac epekteÐnetai kai se metrikoÔc q¸rouc.
DÐnontai dÔo metrikoÐ q¸roi (X, d) kai (Y, ρ). Mi� sun�rthsh f : X → Y onom�zetai
omoiìmorfa suneq c an

∀ε > 0, ∃δ > 0 tètoio ¸ste (x1, x2 ∈ X kai d(x1, x2) < δ) ⇒ ρ(f(x1), f(x2)) < ε.

An h g : X → Y eÐnai suneq c kai o X eÐnai sumpag c metrikìc q¸roc, deÐxte ìti h
g eÐnai omoiìmorfa suneq c.

3.6.27 DÐnetai h sun�rthsh f : l2 → l1, me f({xn}) = {xn/n}. DeÐxte ìti h f
eÐnai omoiìmorfa suneq c. (H �skhsh proôpojètei gn¸sh twn q¸rwn l1 kai l2. Bl.
[2], [5])

Monìtonec sunart seic

3.6.28 DÐnontai sunart seic f kai g pou eÐnai aÔxousec sto E.
(a) DeÐxte ìti h f + g eÐnai aÔxousa.
(b) An mi� apì tic f kai g eÐnai gnhsÐwc aÔxousa, tìte kai h f + g eÐnai gnhsÐwc
aÔxousa.
(g) An f, g ≥ 0, tìte h fg eÐnai aÔxousa.
(d) An f, g ≤ 0, tìte h fg eÐnai fjÐnousa.
(e) An f(x) 6= 0 gia k�je x ∈ E kai h f èqei stajerì prìshmo sto E, tìte h 1/f
eÐnai fjÐnousa sto E.

3.6.29 BreÐte aÔxousec sunart seic f, g tètoiec ¸ste h fg na eÐnai fjÐnousa.

3.6.30 DÐnontai monìtonh sun�rthsh f sto E kai monìtonh sun�rthsh g sto A me
f(E) ⊂ A.
(a) An oi f, g èqoun to Ðdio eÐdoc monotonÐac, deÐxte ìti h g ◦ f eÐnai aÔxousa.
(b) An oi f, g èqoun antÐjeta eÐdh monotonÐac, deÐxte ìti h g ◦ f eÐnai fjÐnousa.

3.6.31 DeÐxte ìti an h f eÐnai gnhsÐwc aÔxousa sto A, tìte h f−1 eÐnai gnhsÐwc
aÔxousa sto f(A).
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3.6.32 Swstì   L�joc?
An mi� sun�rthsh eÐnai amfimonìtimh, tìte eÐnai gnhsÐwc monìtonh.

3.6.33 DeÐxte ìti an h sun�rthsh f eÐnai suneq c kai amfimonìtimh se èna di�sthma
I, tìte eÐnai gnhsÐwc monìtonh sto I.

3.6.34 DeÐxte ìti an h f eÐnai gnhsÐwc monìtonh sto di�sthma I, tìte h f−1 eÐnai
suneq c sto f(I).

3.6.35 DÐnontai sunart seic f aÔxousa sto R kai g suneq c sto R. DeÐxte ìti
an f(x) = g(x) gia k�je x ∈ Q, tìte f = g.

3.6.36 Swstì   L�joc?
An h f eÐnai aÔxousa sto [a, c) kai aÔxousa sto [c, b], tìte h f eÐnai aÔxousa sto
[a, b].

3.6.37 DeÐxte ìti k�je fragmènh, suneq c, kai monìtonh sun�rthsh se èna anoiktì
diasthma I eÐnai omoiìmorfa suneq c sto I.

Sunart seic fragmènhc kÔmanshc

3.6.38 DeÐxte ìti an f ∈ BV [a, b] kai up�rqei m > 0 tètoio ¸ste |f(x)| ≥ m,
∀x ∈ [a, b], tìte 1/f ∈ BV [a, b].

3.6.39 ApodeÐxte ta (a), (b), (d), (e) thc Prìtashc 3.3.6.

3.6.40 DeÐxte ìti oi parak�tw sunart seic eÐnai fragmènhc kÔmanshc kai breÐte
thn antÐstoiqh sun�rthsh olik c kÔmanshc.
(a) f1(x) = x2, x ∈ [−2, 5].
(b) f2(x) = cosx, x ∈ [−π, 2π].
(g) f3(x) = sin2 x, x ∈ [0, π].

3.6.41 DeÐxte ìti an h f èqei suneq  par�gwgo sto [a, b], tìte f ∈ BV [a, b] kai

V b
a f =

∫ b

a

|f ′(t)| dt.

3.6.42 DeÐxte ìti V b
a (χQ) = +∞.

3.6.43 DeÐxte ìti f ∈ BV [a, b] an kai mìno an up�rqei aÔxousa sun�rthsh F sto
[a, b] tètoia ¸ste |f(x)− f(y)| ≤ F (x)− F (y) gia k�je x, y ∈ [a, b] me x > y.

75



3.6.44 DeÐxte ìti oi parak�tw sunart seic eÐnai fragmènhc kÔmanshc kai breÐte
thn antÐstoiqh sun�rthsh olik c kÔmanshc.
(a) f1(x) = | log x|, x ∈ [1/e, 2e].
(b) f2(x) = ex − x, x ∈ [0, 4].

3.6.45 'Estw

f(x) =





x, x ∈ [0, 1)
−3, x = 1
x− 2, x ∈ (1, 2].

BreÐte ton arijmì V 2
0 f .

3.6.46 Gia α ∈ R kai β > 0, jewroÔme th sun�rthsh f me

f(x) =

{
xα sin(x−β), x ∈ (0, 1]
0, x = 0.

DeÐxte ìti:
(a) H f eÐnai fragmènh an kai mìno an α ≥ 0.
(b) H f eÐnai suneq c an kai mìno an α > 0.
(g) H f ′(0) up�rqei an kai mìno an α > 1.
(d) H f ′ eÐnai fragmènh an kai mìno an α ≥ 1 + β.
(e) An α > 0, tìte f ∈ BV [0, 1] gia 0 < β < α kai f /∈ BV [0, 1] gia β ≥ α.

3.6.47 Gia th sun�rthsh

f(x) =

{
cosx, an x ∈ [0, π),
sin x, an x ∈ [π, 2π],

deÐxte ìti f ∈ BV [0, 2π].

3.6.48 DeÐxte ìti an f, g ∈ BV [a, b] kai h(x) = max{f(x), g(x)}, tìte h ∈
BV [a, b].

3.6.49 DÐnetai sun�rthsh f : [a, b] → R. DeÐxte ìti h f eÐnai aÔxousa an kai mìno
an V b

a f = f(b)− f(a).

3.6.50 DÐnetai suneq c sun�rthsh f : [a, b] → R gia thn opoÐa up�rqoun shmeÐa
a = t0 < t1 < · · · < tk = b tètoia ¸ste h f eÐnai paragwgÐsimh kai monìtonh se
kajèna apì ta diast mata [tj−1, tj ]. DeÐxte ìti f ∈ BV [a, b] kai

V b
a f =

∫ b

a

|f ′(t)| dt.
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3.6.51 Swstì   L�joc?
(a) An |f | ≤ |g| sto [a, b], tìte V b

a f ≤ V b
a g.

(b) An h g ∈ BV [0, 1] eÐnai amfimonìtimh, tìte eÐnai gnhsÐwc monìtonh.
(g) Up�rqei sun�rthsh pou eÐnai aÔxousa kai mh fragmènh sto [0, 1].

3.6.52 DeÐxte ìti h
‖f‖BV := |f(a)|+ V b

a f

eÐnai nìrma sto q¸ro BV [a, b].

3.6.53 Swstì   L�joc?
(a) An gia mi� fragmènh sun�rthsh f : [a, b] → R isqÔei V b

a+εf ≤ M, ∀ε > 0, tìte
V b

a f ≤ M .
(b) An h sun�rthsh f eÐnai suneq c sto [a, b] kai f ∈ BV [a + ε, b] gia k�je ε > 0,
tìte f ∈ BV [a, b].

3.6.54 BreÐte mi� mh jetik  sun�rthsh f ∈ BV [0, 1] me V 1
0 f = V 1

0 |f | kai mi�
sun�rthsh g ∈ BV [0, 1] me V 1

0 |g| < V 1
0 g.

3.6.55 DÐnontai arijmìc p ∈ [1,∞) kai sun�rthsh f ∈ BV [a, b]. DeÐxte ìti |f |p ∈
BV [a, b].

3.6.56 DeÐxte ìti an h f eÐnai suneq c sto [a, b] kai |f | ∈ BV [a, b], tìte f ∈
BV [a, b].

3.6.57 Mi� sun�rthsh f : [a, b] → R onom�zetai tmhmatik� monìtonh an up�rqei
diamèrish {a = to < t1 < · · · < tn = b} toÔ [a, b] tètoia ¸ste h f eÐnai monìtonh se
kajèna apì ta diast mata [tj−1, tj ], j = 1, 2, . . . , n.
DeÐxte k�je tmhmatik� monìtonh sun�rthsh, eÐnai sun�rthsh fragmènhc kÔmanshc.
BreÐte sun�rthsh fragmènhc kÔmanshc pou den eÐnai tmhmatik� monìtonh.

3.6.58 'Estw ìti a < c < b. DÐnetai sun�rthsh f fjÐnousa sto [a, c) kai fjÐnousa
sto [c, b]. DeÐxte ìti

V b
a f = f(a)− f(c+) + |f(c)− f(c−)|+ f(c)− f(b).

Apìluta suneqeÐc sunart seic

3.6.59 'Estw

f(x) =

{
xα sin(x−β), x ∈ (0, 1]
0, x = 0.

DeÐxte ìti:
(a) An 0 < β < α, tìte h f eÐnai apìluta suneq c sto [0, 1].
(b) An 0 < α ≤ β, tìte h f den eÐnai apìluta suneq c sto [0, 1].
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3.6.60 Swstì   L�joc?
(a) K�je sun�rthsh sto [a, b] mporeÐ na grafeÐ wc diafor� dÔo fjinous¸n sunart -
sewn sto [a, b].
(b) K�je apìluta suneq c sun�rthsh sto [a, b] mporeÐ na grafeÐ wc diafor� dÔo
fjinous¸n sunart sewn sto [a, b].

3.6.61 BreÐte mi� sun�rthsh sto [0, 1] pou eÐnai fragmènhc kÔmanshc all� den eÐnai
apìluta suneq c.

3.6.62? DeÐxte ìti mi� sun�rthsh f : [a, b] → R eÐnai apìluta suneq c an kai
mìno an h sun�rthsh olik c kÔmanshc v(x) = V x

a f eÐnai apìluta suneq c.

3.6.63 JewroÔme tic sunart seic g(x) =
√

x kai

f(x) =

{
x2| sin(1/x)|, x ∈ (0, 1]
0, x = 0.

DeÐxte ìti oi sunart seic f , g, f ◦ g eÐnai apìluta suneqeÐc en¸ h g ◦ f den eÐnai
apìluta suneq c sto [0, 1].

3.6.64 DeÐxte ìti an h f : [a, b] → [c, d] eÐnai apìluta suneq c sto [a, b] kai h
g : [c, d] → R eÐnai Lipschitz, tìte h g ◦ f eÐnai apìluta suneq c sto [a, b].

3.6.65 DeÐxte ìti an h f : [a, b] → [c, d] eÐnai apìluta suneq c kai monìtonh sto
[a, b] kai h g : [c, d] → R eÐnai apìluta suneq c sto [c, d], tìte h g ◦ f eÐnai apìluta
suneq c sto [a, b].

3.6.66 (a) DeÐxte ìti h sun�rthsh toÔ Cantor den eÐnai apìluta suneq c sto [0, 1].
(b) Swstì   L�joc? AC[a, b] = C[a, b] ∩BV [a, b].

Kurtèc sunart seic

3.6.67 DeÐxte ìti an oi f, g eÐnai kurtèc sto di�sthma I, tìte kai h f + g eÐnai
kurt  sto I.

3.6.68 DeÐxte ìti an c ≥ 0 kai h sun�rthsh f eÐnai kurt  sto di�sthma I, tìte kai
h cf eÐnai kurt  sto I.

3.6.69 BreÐte ta diast mata sta opoÐa eÐnai kurt  kajemi� apì tic parak�tw
sunart seic:
(a) f(x) = xx, x > 0.
(b) f(x) = (log x)2, x > 0.
(g) f(x) = (1 + x + x2)−1.
(d) f(x) = x3 − x2 − x.
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3.6.70 Mi� sun�rthsh eÐnai kai kurt  kai koÐlh sto di�sthma I. DeÐxte ìti eÐnai
afinik  sto I.

3.6.71 'Estw f mi� kurt  sun�rthsh sto anoiktì di�sthma I. DeÐxte ìti eÐte h
f eÐnai monìtonh sto I eÐte up�rqei xo ∈ I tètoio ¸ste h f eÐnai fjÐnousa sto
I ∩ (−∞, xo] kai aÔxousa sto I ∩ [xo,∞).

3.6.72 (a) DeÐxte ìti an oi f, g eÐnai kurtèc sto di�sthma I, tìte kai h max{f, g}
eÐnai kurt  sto I.
(b) 'Estw F èna mh kenì sÔnolo kurt¸n sunart sewn sto di�sthma I. Upojètoume
ìti gia k�je x ∈ I,

s(x) := sup{f(x) : f ∈ F} < ∞.

DeÐxte ìti h s eÐnai kurt  sto I.

3.6.73 DÐnetai sun�rthsh f kurt  sto [a, b]. DeÐxte ìti:
(a) An up�rqei c ∈ (a, b) tètoio ¸ste f(a) = f(c) = f(b), tìte h f eÐnai stajer .
(b) An up�rqei c ∈ (a, b) tètoio ¸ste ta shmeÐa (a, f(a)), (c, f(c)), (b, f(b)) eÐnai
suneujeiak�, tìte h f eÐnai afinik  sto [a, b].

3.6.74 DÐnontai arijmoÐ p, q ∈ R me 1
p + 1

q = 1 DeÐxte ìti gia k�je x, y > 0,

xy ≤ xp

p
+

yq

q
.

3.6.75 DeÐxte ìti gia x1, x2, . . . , xn > 0, isqÔei

(x1x2 . . . xn)1/n ≤ x1 + x2 + · · ·+ xn

n
.

3.6.76 An xj > 0 kai pj > 0 gia j = 1, 2, . . . , n, kai
∑n

j=1 pj = 1, deÐxte ìti

n∏

j=1

x
pj

j ≤
n∑

j=1

pjxj .

DeÐxte ìti h isìthta isqÔei an kai mìno an x1 = x2 = · · · = xn. Ti sumbaÐnei ìtan
pj = 1/n gia k�je j?
Upìdeixh: H sun�rthsh f(x) = − log x eÐnai kurt  sto (0,∞).

3.6.77 DeÐxte ìti an a 6= b, tìte

eb − ea

b− a
<

ea + eb

2
.

3.6.78 DeÐxte ìti gia x, y > 0,

x log x + y log y ≥ (x + y) log
x + y

2
.

79



3.6.79 Gia x1, x2, . . . , xn ∈ (0, π), jètoume x = (x1 + x2 + · · ·+ xn)/n. ApodeÐxte
tic anisìthtec

n∏

k=1

sin xk ≤ (sin x)n,

n∏

k=1

sin xk

xk
≤

(
sin x

x

)n

.

3.6.80 DeÐxte ìti an h sun�rthsh f : R → R eÐnai kurt  kai �nw fragmènh, tìte
h f eÐnai stajer  sto R.

3.6.81 Swstì   L�joc?
An h f eÐnai kurt  kai fragmènh sto (a,∞), tìte eÐnai stajer .

3.6.82 (a) DeÐxte ìti an h f eÐnai kurt  sto I kai h g eÐnai kurt  kai aÔxousa sto
f(I), tìte h g ◦ f eÐnai kurt  sto I.
(b) DeÐxte me par�deigma ìti h monotonÐa t c g sto (a) eÐnai aparaÐthth.

3.6.83 BreÐte mi� sun�rthsh pou eÐnai kurt  sto [0, 1] all� den eÐnai suneq c sta
shmeÐa 0 kai 1.

3.6.84 BreÐte kurt  sun�rthsh f sto [0, 1] tètoia ¸ste

lim
h→0+

f(h)− f(0)
h

= +∞ kai lim
h→0−

f(1 + h)− f(1)
h

= −∞.

3.6.85 DeÐxte ìti an h f eÐnai kurt  sto fragmèno, anoiktì di�sthma I, tìte h f
eÐnai k�tw fragmènh sto I.

3.6.86 DeÐxte ìti an h f eÐnai gnhsÐwc aÔxousa kai kurt  sto di�sthma I, tìte h
f−1 eÐnai koÐlh sto f(I).

3.6.87 DÐnetai suneq c sun�rthsh sto anoiktì di�sthma I. Upojètoume ìti gia
k�je x, y ∈ I,

f

(
x + y

2

)
≤ f(x) + f(y)

2
.

DeÐxte ìti h f eÐnai kurt  sto I.
Upìdeixh: H (3.7) isqÔei gia ta t thc morf c t = m/2n.

3.6.88 Swstì   L�joc?
(a) To ginìmeno dÔo kurt¸n sunart sewn eÐnai kurt  sun�rthsh.
(b) To ginìmeno dÔo jetik¸n kurt¸n sunart sewn eÐnai kurt  sun�rthsh.

3.6.89 H sun�rthsh f eÐnai oloklhr¸simh kat� Riemann sto [0, 1] kai |f(x)| ≤
1, ∀x ∈ [0, 1]. ApodeÐxte thn anisìthta

∫ 1

0

√
1− f2(x) dx ≤

√
1−

(∫ 1

0

f(x) dx

)2

.

80



3.6.90 'Estw I èna anoiktì di�sthma. Mi� sun�rthsh f : I → (0,∞) onom�zetai
logarijmik� kurt  an h sun�rthsh log f eÐnai kurt  sto I. DeÐxte ìti:
(a) K�je logarijmik� kurt  sun�rthsh eÐnai kurt .
(b) 'Estw ìti h f eÐnai jetik  kai dÔo forèc paragwgÐsimh sto I. Tìte h f eÐnai
logarijmik� kurt  sto I an kai mìno an (f ′)2 ≤ ff ′′ sto I.
(g) An h f eÐnai afinik  kai logarijmik� kurt  sto I, tìte eÐnai stajer  sto I.
(d) Mi� jetik  sun�rthsh f sto I eÐnai logarijmik� kurt  an kai mìno an gia k�je
a, b ∈ I kai k�je t ∈ [0, 1], isqÔei

f((1− t)a + tb) ≤ [f(a)]1−t [f(b)]t.

3.6.91 (a) DeÐxte ìti h sun�rthsh f(u) = u log u eÐnai kurt  sto [0,∞).
(b) DÐnontai jetikoÐ arijmoÐ x, y, a, b me bx 6= ay. DeÐxte ìti

(x + y) log
x + y

a + b
< x log

x

a
+ y log

y

b
.

3.6.92 DeÐxte ìti an h sun�rthsh f eÐnai kurt  sto [a, b], tìte h f eÐnai fragmènh
kÔmanshc sto [a, b].

3.6.93 DeÐxte ìti an h f eÐnai kurt  se èna diasthma, tìte èqei to polu dÔo di-
ast mata monotonÐac.

3.6.94 'Estw kurt  sun�rthsh f : (a, b) → R me −∞ ≤ a < b ≤ ∞.
(a) DeÐxte ìti eÐte h f eÐnai monìtonh sto (a, b), eÐte èqei el�qisto se èna shmeÐo
c ∈ (a, b).
(b) DeÐxte ìti ta ìria limx→a+ f(x), limx→b− f(x) up�rqoun (dhl. an koun sto
R ∪ {−∞,∞}).
(g) DeÐxte ìti an epiplèon h f eÐnai fragmènh, tìte eÐnai kai omoiìmorfa suneq c
sto (a, b).

3.6.95 DÐnontai pragmatikoÐ arijmoÐ a1, b1, a2, b2 ∈ R tètoioi ¸ste

a2 + b2 ≤ a1 + b1 kai 0 ≤ a1 ≤ a2 ≤ b2 < b1.

'Estw Φ : R→ R mi� mh stajer , kurt , aÔxousa sun�rthsh. DeÐxte ìti

Φ(a2) + Φ(b2) ≤ Φ(a1) + Φ(b1).

DeÐxte ìti isìthta isqÔei an kai mìno an h Φ eÐnai afinik  sto [a1, b1] kai a1 + b1 =
a2 + b2.

3.7 Shmei¸seic
Oi sunart seic Lipschitz melet jhkan apì ton Rudolph Lipschitz to 1876. Qrhsi-
mopoioÔntai sth jewrÐa twn diaforik¸n exis¸sewn.
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To shmantikìtero je¸rhma gia tic monìtonec sunart seic eÐnai to je¸rhma
parag¸gishc tou Lebesgue: K�je monìtonh sun�rthsh, orismènh se èna di�sth-
ma, eÐnai paragwgÐsimh èxw apì èna sÔnolo mètrou mhdèn. Sto kef�laio gia to
mètro Lebesgue ja doÔme ti shmaÐnei sÔnolo mètrou mhdèn. H apìdeixh p�ntwc tou
jewr matoc eÐnai dÔskolh kai èxw apì ta plaÐsia toÔ biblÐou; bl. [2], [5], [8].

Oi sunart seic fragmènhc kÔmanshc onom�zontai kai sunart seic fragmènhc
metabol c. Perissìterec idiìthtèc touc up�rqoun sta biblÐa [1], [2], [5], [8]. Aut 
h kl�sh prwtoemfanÐsthke sth melèth toÔ Camille Jordan gia th sÔgklish twn
seir¸n Fourier sta tèlh tou 19ou ai¸na. Oi sunart seic fragmènhc kÔmanshc qrhsi-
mopoioÔntai sth jewrÐa toÔ oloklhr¸matoc Riemann-Stieljes pou genikeÔei to sun-
hjismèno olokl rwma toÔ Riemann; bl. [2], [8]. O Jordan  tan kai o pr¸toc pou
parat rhse th sÔndesh thc fragmènhc kÔmanshc me thn eujugrammisimìthta mi�c
kampÔlhc. H ènnoia aut  paÐzei shmantikì rìlo sth sÔgqronh gewmetrik  jewrÐa
mètrou kai tic efarmogèc thc se �llouc kl�douc thc An�lushc.

Oi apìluta suneqeÐc sunart seic qrhsimopoi jhkan apì touc G.Vitali kai H.Lebesgue
stic arqèc tou 20oÔ ai¸na. EÐnai oi sunart seic gia tic opoÐec isqÔei to Jemeli¸dec
Je¸rhma toÔ LogismoÔ gia to olokl rwma toÔ Lebesgue.

H 'Askhsh 3.6.46 ofeÐletai ston Lebesgue. H 'Askhsh 3.6.95 ofeÐletai ston A.
Yu. Solynin.
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Kef�laio 4

AkoloujÐec sunart sewn

4.1 H ènnoia thc akoloujÐac sunart sewn

Orismìc 4.1.1 AkoloujÐa sunart sewn eÐnai mia sun�rthsh me pedÐo
orismoÔ to N kai pedÐo tim¸n to sÔnolo twn pragmatik¸n sunart sewn. Sum-
bolÐzoume mia akoloujÐa sunart sewn me {fn}∞n=1.

JewroÔme mia akoloujÐa sunart sewn {fn}∞n=1 pou eÐnai ìlec orismènec
s' èna sÔnolo E ⊂ R. Gia k�je x ∈ E, prokÔptei mia akoloujÐa pragmatik¸n
arijm¸n {fn(x)}∞n=1.

Par�deigma 4.1.2 DÐnetai h akoloujÐa sunart sewn {fn}∞n=1 me

fn(x) = 1 +
(x

n

)n
, ∀x ∈ R, ∀n ∈ N.

Gia stajeropoihmèno n ∈ N, h fn eÐnai mia pragmatik  sun�rthsh. Gia
par�deigma h f1 eÐnai h sun�rthsh me tÔpo f1(x) = 1 + x, x ∈ R, en¸ h
f2 èqei tÔpo f2(x) = 1 + x2/4. Gia stajeropoihmèno x ∈ R, h {fn(x)}∞n=1

eÐnai mia akoloujÐa pragmatik¸n arijm¸n; p.q. fn(0) = {1, 1, 1, . . . }, fn(1) =
{1 + 1

nn }∞n=1.

Par�deigma 4.1.3 JewroÔme thn akoloujÐa sunart sewn {fn}∞n=1 me

fn(x) = x +
1
n

, ∀x ∈ R, ∀n ∈ N.

Oi pragmatikèc sunart seic f1 kai f2 èqoun tÔpouc f1(x) = x+1 kai f2(x) =
x+1/2. Gia x = 5 prokÔptei h pragmatik  akoloujÐa fn(5) = {5+1/n}∞n=1,
en¸ gia x = −1 prokÔptei h akoloujÐa fn(−1) = {−1 + 1/n}∞n=1.
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Orismìc 4.1.4 DÐnetai mi� akoloujÐa pragmatik¸n sunart sewn {fn}∞n=1

pou eÐnai orismènec sto sÔnolo E ⊂ R. H {fn}∞n=1 onom�zetai shmeiak�
fragmènh, an gia k�je x ∈ E, h pragmatik  akoloujÐa {fn(x)}∞n=1 eÐnai
fragmènh. H {fn}∞n=1 onom�zetai omoiìmorfa fragmènh an up�rqei M > 0
tètoio ¸ste

|fn(x)| ≤ M, ∀x ∈ E, ∀n ∈ N.

Par�deigma 4.1.5 H akoloujÐa {fn}∞n=1 me fn(x) = cosnx, x ∈ R eÐnai
omoiìmorfa fragmènh diìti | cosnx| ≤ 1, ∀x ∈ R, ∀n ∈ N. H akoloujÐa
{gn}∞n=1 me gn(x) = 1

nx , x ∈ R \ {0} eÐnai shmeiak� fragmènh diìti gia k�je
x ∈ R \ {0} h pragmatik  akoloujÐa { 1

nx}∞n=1 eÐnai fragmènh (kai m�lista
sugklÐnei sto 0). H {gn}∞n=1 den eÐnai omoiìmorfa fragmènh. Pr�gmati isqÔei
limx→0+

1
nx = +∞; �ra den mporeÐ na up�rqei M > 0 tètoio ¸ste | 1

nx | ≤
M, ∀x ∈ R \ {0}, ∀n ∈ N.

Orismìc 4.1.6 H akoloujÐa sunart sewn {fn}∞n=1 onom�zetai shmeiak�
aÔxousa (fjÐnousa) sto sÔnolo E an gia k�je x ∈ E, h pragmatik 
akoloujÐa {fn(x)}∞n=1 eÐnai aÔxousa (fjÐnousa).

Par�deigma 4.1.7 H {gn}∞n=1 tou ParadeÐgmatoc 3 eÐnai shmeiak� fjÐnousa
sto (0, +∞) kai eÐnai shmeiak� aÔxousa sto (−∞, 0).

4.2 Shmeiak  sÔgklish

Orismìc 4.2.1 DÐnetai mi� akoloujÐa pragmatik¸n sunart sewn {fn}∞n=1

pou eÐnai orismènec sto sÔnolo E ⊂ R. Lème ìti h {fn}∞n=1 sugklÐnei
shmeiak� sto E proc th sun�rthsh f : E → R kai gr�foume fn−→σ f sto
E, an gia k�je x ∈ E isqÔei limn→∞ fn(x) = f(x).

Apì ton orismì tou orÐou pragmatik c akoloujÐac prokÔptei ìti fn−→σ f
sto E an kai mìno an

∀x ∈ E, ∀ε > 0, ∃no ∈ N tètoio ¸ste ∀n ≥ no, |fn(x)− f(x)| < ε.

Par�deigma 4.2.2 EÐnai gnwstì ìti gia k�je x ∈ R, limn→∞(1 + x/n)n =
ex. 'Ara gia thn akoloujÐa sunart sewn {fn}∞n=1 me fn(x) = (1+x/n)n, x ∈
R, isqÔei fn−→σ f sto R, ìpou f(x) = ex.
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Par�deigma 4.2.3 'Estw fn(x) = x + (−1)n. Gia x ∈ R, isqÔei
lim sup

n→∞
fn(x) = x + 1, lim inf

n→∞ fn(x) = x− 1.

'Ara h {fn}∞n=1 den sugklÐnei shmeiak� sto R.

Par�deigma 4.2.4 'Estw f mia pragmatik  sun�rthsh orismènh sto E ⊂ R.
JewroÔme thn akoloujÐa sunart sewn {fn}∞n=1 me fn(x) = f(x)+ 1

n , x ∈ E.
Tìte gia k�je x ∈ E,

lim
n→∞ fn(x) = lim

n→∞

(
f(x) +

1
n

)
= f(x).

'Ara fn−→σ f sto E.

Par�deigma 4.2.5 JewroÔme thn akoloujÐa {fn}∞n=1 me fn(x) = xn, x ∈
[0, 1]. Tìte fn−→σ f sto [0, 1], ìpou

f(x) =

{
0, x ∈ [0, 1),
1, x = 1.

Qrhsimopoi¸ntac basikèc idiìthtec tou orÐou paragmatik¸n akolouji¸n
apodeiknÔetai eÔkola to parak�tw je¸rhma; h apìdeix  tou af netai gia
�skhsh.

Je¸rhma 4.2.6 An fn−→σ f sto E kai gn−→σ g sto E kai c1, c2 ∈ R, tìte
c1fn + c2gn−→σ c1f + c2g sto E kai fngn−→σ fg sto E.

Orismìc 4.2.7 An {fn}∞n=1 eÐnai mi� akoloujÐa sunart sewn pou eÐnai oris-
mènec sto sÔnolo E ⊂ R, orÐzoume sto E tic epektetamènec pragmatikèc
sunart seic supn fn, infn fn, lim supn→∞ fn, lim infn→∞ fn me tic parak�tw
isìthtec:

(sup
n

fn)(x) = sup
n

(fn(x)),

(inf
n

fn)(x) = inf
n

(fn(x)),

(lim sup
n→∞

fn)(x) = lim sup
n→∞

(fn(x)),

(lim inf
n→∞ fn)(x) = lim inf

n→∞ (fn(x)).

Par�deigma 4.2.8 Gia thn akoloujÐa {fn}∞n=1 me fn(x) = x + (−1)n

n , x ∈
R isqÔei supn fn(x) = x + 1

2 , infn fn(x) = x − 1, lim supn→∞ fn(x) = x,
lim infn→∞ fn(x) = x, x ∈ R.
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4.3 Omoiìmorfh sÔgklish

Orismìc 4.3.1 DÐnontai dÔo pragmatikèc sunart seic f kai g, orismènec
kai oi dÔo sto sÔnolo E ⊂ R. OrÐzoume wc apìstash twn f kai g ton
epektetamèno pragmatikì arijmì

d(f, g) = sup{|f(x)− g(x)| : x ∈ E}.

Gia thn apìstash twn f kai g ja qrhsimopoioÔme epÐshc kai touc sum-
bolismoÔc dE(f, g) kai ‖f − g‖E .

Par�deigma 4.3.2 An f(x) = x, g(x) = x2, x ∈ [0, 1], tìte

d[0,1](f, g) = sup{x− x2 : x ∈ [0, 1]} = max
x∈[0,1]

(x− x2) =
1
4
.

Par�deigma 4.3.3 An f(x) = tan−1 x, g(x) = 2, x ∈ R, tìte

dR(f, g) = sup{| tan−1 x− 2| : x ∈ R} = sup
x∈R

(2− tan−1 x) = 2 +
π

2
.

Par�deigma 4.3.4 An f(x) = x, g(x) = sin x, x ∈ R, tìte

dR(f, g) = sup
x∈R

|x− sinx| = +∞.

Orismìc 4.3.5 DÐnetai mi� akoloujÐa pragmatik¸n sunart sewn {fn}∞n=1

pou eÐnai orismènec sto sÔnolo E ⊂ R. Lème ìti h {fn}∞n=1 sugklÐnei
omoiìmorfa sto E proc th sun�rthsh f : E → R kai gr�foume fn−→oµ f sto
E, an limn→∞ dE(fn, f) = 0.

Qrhsimopoi¸ntac t¸ra ton orismì tou orÐou pragmatik c akoloujÐac kai
ton orismì thc apìstashc sunart sewn, blèpoume ìti mi� akoloujÐa sunart -
sewn {fn}∞n=1 sugklÐnei omoiìmorfa sto E proc th sun�rthsh f : E → R an
kai mìno an gia k�je ε > 0, up�rqei no ∈ N (pou exart�tai mìno apì to ε)
tètoio ¸ste

|fn(x)− f(x)| < ε, ∀n ≥ no, ∀x ∈ E.

Gewmetrik� autì shmaÐnei ìti gia k�je ε > 0, up�rqei no ∈ N tètoio ¸ste
ta graf mata twn sunart sewn fn apì to no kai pèra brÐskontai olìklhra
mèsa sth z¸nh pl�touc 2ε gÔrw apì to gr�fhma thc f .

Je¸rhma 4.3.6 An fn−→oµ f sto E, tìte fn−→σ f sto E.
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Apìdeixh.
'Estw x ∈ E. Epeid  fn−→oµ f sto E kai |fn(x) − f(x)| ≤ dE(fn, f), isqÔei
limn→∞ |fn(x)− f(x)| = 0. 'Ara limn→∞ fn(x) = f(x). ¤

To Je¸rhma 4.3.6 odhgeÐ sthn ex c mèjodo gia na brÐskoume to omoiì-
morfo ìrio mi�c akoloujÐac sunart sewn {fn} (efìson bèbaia h akoloujÐ-
a sugklÐnei omoiìmorfa): Pr¸ta brÐskoume to shmeiakì ìrio pou eÐnai mia
sun�rthsh f . Lìgw tou jewr matoc, an h {fn} sugklÐnei omoiìmorfa, ja
sugklÐnei omoiìmorfa proc thn f . UpologÐzoume (  ektimoÔme), loipìn, thn
pragmatik  akoloujÐa d(fn, f) kai exet�zoume an sugklÐnei sto 0. Gia ton up-
ologismì (  thn ektÐmhsh) t c d(fn, f) suqn� eÐnai qr simec di�forec mèjodoi
tou DiaforikoÔ LogismoÔ.

Par�deigma 4.3.7 'Estw

fn(x) =
x

1 + nx2
, x ∈ R.

Gia k�je x ∈ R, isqÔei
lim

n→∞ fn(x) = 0.

'Ara fn−→σ f sto R, ìpou f h mhdenik  sun�rthsh. Epomènwc

d(fn, f) = sup
R
|fn| = sup

R

x

1 + nx2
.

UpologÐzoume thn par�gwgo thc fn:

f ′n(x) =
1− nx2

(1 + nx2)2
.

Oi rÐzec thc parag¸gou eÐnai ta shmeÐa ±1/
√

n kai isqÔei fn(±1/
√

n) =
±1/(2

√
n). EpÐshc

lim
x→±∞ |f(x)| = 0.

'Ara h |fn| èqei mègisto Ðso me 1/(2
√

n), dhlad  d(fn, f) = 1/(2
√

n). H
akoloujÐa aut  teÐnei sto 0 ìtan n →∞. SumperaÐnoume loipìn ìti fn−→oµ f
sto R.

Par�deigma 4.3.8 'Estw fn(x) = 1
nx , x ∈ (0,∞). H {fn} sugklÐnei

shmeiak� prìc th mhdenik  sun�rthsh f . H sÔgklish den eÐnai omoiìmorfh
diìti d(fn, f) = sup |1/(nx)| = +∞, n ∈ N.
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Par�deigma 4.3.9 'Estw

fn(x) =
2n

nx + 3
, x ∈ (0,∞).

Tìte fn−→σ f sto (0,∞), ìpou f(x) = 2/x. H sÔgklish den eÐnai omoiìmorfh
sto (0,∞) diìti

d(0,∞)(fn, f) = sup
x∈(0,∞)

6
nx2 + 3x

= +∞, ∀n ∈ N.

'Omwc fn−→oµ f sto [a, +∞) gia opoiod pote a > 0, diìti

d[a,∞)(fn, f) = sup
x∈[a,∞)

6
nx2 + 3x

≤ 6
na2 + 3a

→ 0, ìtan n →∞.

Prìtash 4.3.10 DÐnontai sunart seic fn, n ∈ N kai f orismènec sto sÔno-
lo E. An up�rqei pragmatik  akoloujÐa {an} tètoia ¸ste
(a) ∀x ∈ E, ∀n ∈ N, |fn(x)− f(x)| ≤ an,
(b) limn→∞ an = 0,
tìte fn−→oµ f sto E.

Apìdeixh.
Apì tic upojèseic (a) kai (b) prokÔptei �mesa ìti

0 ≤ dE(fn, f) ≤ an → 0.

'Ara fn−→oµ f sto E. ¤

Par�deigma 4.3.11 'Estw fn(x) = x
n , x ∈ [0, 1]. IsqÔei |fn| ≤ 1

n → 0.
'Ara fn−→oµ f sto [0, 1], ìpou f h mhdenik  sun�rthsh.

Je¸rhma 4.3.12 (a) An fn−→oµ f sto E kai gn−→oµ g sto E kai c1, c2 ∈ R,
tìte c1fn + c2gn−→oµ c1f + c2g sto E.
(b) An epiplèon oi {fn}, {gn} eÐnai omoiìmorfa fragmènec, tìte fngn−→oµ fg
sto E.

Apìdeixh.
(a) 'Estw ε > 0. Lìgw thc omoiìmorfhc sÔgklishc, up�rqei no ∈ N tètoio
¸ste

|fn(x)− f(x)| < ε

2|c1| kai |gn(x)− g(x)| < ε

2|c2| , ∀x ∈ E, ∀n ≥ no.
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Tìte ∀x ∈ E, ∀n ≥ no, isqÔei

|(c1fn(x) + c2gn(x))− (c1f(x) + c2g(x))|
≤ |c1| |fn(x)− f(x)|+ |c2| |gn(x)− g(x)| < |c1| ε

2|c1| + |c2| ε

2|c2| = ε.

'Ara c1fn + c2gn−→oµ c1f + c2g sto E.

(b) Apì thn upìjesh up�rqei M > 0 tètoio ¸ste

|fn(x)| ≤ M kai |gn(x)| ≤ M, ∀x ∈ E, ∀n ∈ N.

Lìgw tou Jewr matoc 4.3.6, isqÔei fn−→σ f sto E, dhlad  limn→∞ fn(x) =
f(x), ∀x ∈ E. 'Ara |f(x)| ≤ M, ∀x ∈ E.

'Estw ε > 0. Apì thn omoiìmorfh sÔgklish, up�rqei no ∈ N tètoio ¸ste

|fn(x)− f(x)| < ε

2M
kai |gn(x)− g(x)| < ε

2M
, ∀x ∈ E, ∀n ≥ no.

Tìte ∀x ∈ E, ∀n ≥ no, isqÔei

|fn(x)gn(x)− f(x)g(x)|
≤ |fn(x)gn(x)− f(x)gn(x)|+ |f(x)gn(x)− f(x)g(x)|
= |fn(x)− f(x)| |gn(x)|+ |f(x)| |gn(x)− g(x)|
<

ε

2M
M + M

ε

2M
= ε.

¤
H upìjesh sto (b) ìti oi {fn}, {gn} eÐnai omoiìmorfa fragmènec den mporeÐ

na paraleifjeÐ. Autì faÐnetai apì to epìmeno par�deigma.

Par�deigma 4.3.13 'Estw fn(x) = x + 1
n , x ∈ R. H {fn} den eÐnai omoiì-

morfa fragmènh akoloujÐa sunart sewn. SugklÐnei shmeiak� sto R prìc th
sun�rthsh f me f(x) = x. H sÔgklish eÐnai omoiìmorfh diìti d(fn, f) = 1/n
gia k�je n ∈ N. Profan¸c f2

n−→σ f2 sto R. H sÔgklish ìmwc den eÐnai
omoiìmorfh sto R. Pr�gmati, gia k�je n ∈ N,

d(f2
n, f2) = sup

x∈R

∣∣∣∣
2x

n
+

1
n2

∣∣∣∣ = +∞.

To akìloujo je¸rhma mac bohj� na apofasÐsoume (sun jwc se apodeÐx-
eic jewrhm�twn) an mia akoloujÐa sugklÐnei omoiìmorfa qwrÐc na gnwrÐzoume
th sun�rthsh ìrio.
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Je¸rhma 4.3.14 (Krit rio Cauchy gia omoiìmorfh sÔgklish) DÐne-
tai mi� akoloujÐa sunart sewn {fn} pou eÐnai orismènec sto sÔnolo E ⊂ R.
H {fn} sugklÐnei omoiìmorfa proc k�poia sun�rthsh sto E an kai mìno an
gia k�je ε > 0, up�rqei no ∈ N tètoio ¸ste

(4.1) |fn(x)− fm(x)| < ε, ∀n,m ≥ no, ∀x ∈ E.

Apìdeixh.
'Estw ε > 0. Upojètoume ìti h {fn} sugklÐnei omoiìmorfa sto E. 'Estw f
h sun�rthsh-ìrio. Tìte up�rqei no ∈ N tètoio ¸ste

|fn(x)− f(x)| < ε

2
, ∀x ∈ E, ∀n ≥ no.

Epomènwc, an x ∈ E, n ≥ no, m ≥ no, tìte

|fn(x)− fm(x)| ≤ |fn(x)− f(x)|+ |f(x)− fm(x)| < ε.

Antistrìfwc: An x ∈ E, h pragmatik  akoloujÐa {fn(x)} eÐnai Cauchy;
�ra sugklÐnousa. 'Estw f(x) to ìriì thc. 'Etsi orÐzetai mi� sun�rthsh
f : E → R kai isqÔei fn−→σ f sto E. Ja deÐxoume ìti fn−→oµ f sto E.

'Estw ε > 0. Dialègoume no tètoio ¸ste na isqÔei h (4.1) me ε
2 sth jèsh

ε, dhlad 
|fn(x)− fm(x)| < ε

2
, ∀n, m ≥ no, ∀x ∈ E.

Gia stajeropoihmèno n paÐrnoume ìrio m →∞ kai prokÔptei

|fn(x)− f(x)| ≤ ε

2
< ε, ∀x ∈ E, ∀n ≥ no,

dhlad  fn−→oµ f sto E. ¤

4.4 Omoiìmorfh sÔgklish kai sunèqeia

Sthn par�grafo aut  ja antimetwpÐsoume to er¸thma: An fn−→σ f   fn−→oµ f
kai ìlec oi fn eÐnai suneqeÐc, eÐnai kai h f suneq c? Ja doÔme ìti h omoiìmorfh
sÔgklish, se antÐjesh me th shmeiak , eggu�tai th sunèqeia thc f .

Ac xanakoit�xoume to Par�deigma 4.2.5: 'Eqoume fn(x) = xn, x ∈ [0, 1]
kai fn−→σ f sto [0, 1], ìpou

f(x) =

{
0, x ∈ [0, 1),
1, x = 1.

'Olec oi fn eÐnai suneqeÐc sto [0, 1] en¸ h f den eÐnai suneq c sto [0, 1].
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Je¸rhma 4.4.1 An fn−→oµ f sto E, xo ∈ E kai ìlec oi fn eÐnai suneqeÐc sto
xo, tìte kai h f eÐnai suneq c sto xo.
Apìdeixh.
An to xo eÐnai apomonwmèno shmeÐo toÔ E, tìte h f eÐnai suneq c sto xo.
'Estw, loipìn, ìti to xo eÐnai shmeÐo suss¸reushc toÔ E. 'Estw ε > 0; apì
thn upìjesh, up�rqei no ∈ N tètoio ¸ste

|fn(x)− f(x)| < ε

3
, ∀x ∈ E, ∀n ≥ no.

Epeid  h sun�rthsh fno eÐnai suneq c sto xo, up�rqei δ > 0 tètoio ¸ste

|fno(x)− fno(xo)| < ε

3
, ∀x ∈ (xo − δ, xo + δ).

'Ara, gia x ∈ (xo − δ, xo + δ),

|f(x)− f(xo)| ≤ |f(x)− fno(x)|+ |fno(x)− fno(xo)|+ |fno(xo)− f(xo)| < ε,

pou shmaÐnei ìti h f eÐnai suneq c sto xo. ¤

Par�deigma 4.4.2 'Estw fn(x) = 1
nx , x ∈ (0,∞). 'Opwc eÐdame sto

Par�deigma 4.3.8, h {fn} sugklÐnei shmeiak� sto (0,∞) prìc th mhdenik 
sun�rthsh f . H sÔgklish den eÐnai omoiìmorfh sto (0,∞). H oriak  sun�rthsh
f eÐnai suneq c sto (0,∞).

Par�deigma 4.4.3 'Estw

fn(x) =

{
1
n , x ∈ [0, 1),
2
n , x ∈ [1, 2].

Gia k�je n ∈ N kai k�je x ∈ [0, 2], isqÔei 0 ≤ fn(x) ≤ 2/n. 'Ara h
akoloujÐa sunart sewn {fn} sugklÐnei omoiìmorfa sto [0, 2] proc th mh-
denik  sun�rthsh. H sun�rthsh-ìrio eÐnai suneq c parìlo pou ìlec oi sunart -
seic fn eÐnai asuneqeÐc.

To akìloujo eÐnai èna merikì antÐstrofo tou Jewr matoc 4.4.1.

Je¸rhma 4.4.4 (Krit rio Dini gia omoiìmorfh sÔgklish) DÐnetai mi�
akoloujÐa sunart sewn {fn} pou eÐnai orismènec sto sÔnolo K ⊂ R. Upojè-
toume ìti
(a) fn−→σ f sto K.
(b) 'Olec oi fn eÐnai suneqeÐc sto K.
(g) H f eÐnai suneq c sto K.
(d) To K eÐnai sumpagèc.
(e) H akoloujÐa {fn} eÐnai eÐte shmeiak� aÔxousa eÐte shmeiak� fjÐnousa.
Tìte fn−→oµ f sto K.
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Apìdeixh.
Upojètoume ìti h {fn} eÐnai shmeiak� fjÐnousa; an eÐnai shmeiak� aÔxousa, h
apìdeixh eÐnai parìmoia. JewroÔme thn akoloujÐa sunart sewn gn = fn − f
pou eÐnai fjÐnousa kai sugklÐnei shmeiak� sto K proc th mhdenik  sun�rthsh.
ArkeÐ na deÐxoume ìti h sÔgklish eÐnai omoiìmorfh.

'Estw ε > 0. An x ∈ K, tìte 0 ≤ gn(x) ↘ 0. 'Ara up�rqei nx ∈ N tètoio
¸ste

0 ≤ gnx(x) < ε.

Epeid  h gnx eÐnai suneq c sto x, up�rqei perioq  Π(x) tou x ètsi ¸ste

(4.2) 0 ≤ gnx(t) < ε, ∀t ∈ Π(x) ∩K.

H akoloujÐa sunart sewn {gn} eÐnai shmeiak� fjÐnousa; �ra, lìgw thc (4.2),

(4.3) 0 ≤ gn(t) < ε, ∀t ∈ Π(x) ∩K, ∀n ≥ nx.

Oi perioqèc Π(x) apoteloÔn anoikt  k�luyh tou sumpagoÔc sunìlou K.
Epomènwc up�rqoun peperasmènou pl jouc shmeÐa x1, x2, . . . , xN toÔ K tè-
toia ¸ste

K ⊂ Π(x1) ∪Π(x2) ∪ · · · ∪Π(xN ).

Jètoume no = max{nx1 , nx2 , . . . , nxN }. Tìte, lìgw thc (4.3),

(4.4) 0 ≤ gn(t) < ε, ∀t ∈ K, ∀n ≥ no,

pou shmaÐnei ìti h {gn} sugklÐnei omoiìmorfa sto K proc th mhdenik  sun�rthsh.
¤

Par�deigma 4.4.5 'Estw

fn(x) =
x2

n
, x ∈ R.

H {fn} eÐnai shmeiak� fjÐnousa akoloujÐa suneq¸n sunart sewn kai fn−→σ f
sto R, ìpou f h mhdenik  sun�rthsh. H sÔgklish den eÐnai omoiìmorfh sto
R, diìti

dR(fn, f) = +∞, ∀n ∈ N.

H {fn} ikanopoieÐ ìlec tic upojèseic toÔ krithrÐou toÔ Dini ektìc apì thn
upìjesh (d): to R den eÐnai sumpagèc.
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Par�deigma 4.4.6 'Estw

fn(x) =

{
n2x2 − 2nx, x ∈ [0, 2/n],
0, x ∈ [2/n, 2].

Tìte fn−→σ f sto [0, 2], ìpou f h mhdenik  sun�rthsh. H sÔgklish den eÐnai
omoiìmorfh sto [0, 2], diìti

d[0,2](fn, f) =
∣∣∣∣fn

(
1
n

)∣∣∣∣ = 1, ∀n ∈ N.

H {fn} ikanopoieÐ ìlec tic upojèseic toÔ krithrÐou toÔ Dini ektìc apì thn
upìjesh (e).

4.5 Enallag  orÐwn

Sthn par�grafo aut  ja exet�soume to ex c er¸thma: Ac upojèsoume ìti
èqoume mia akoloujÐa sunart sewn {fn} pou eÐnai ìlec orismènec sto sÔnolo
E ⊂ R. 'Estw ξ èna shmeÐo suss¸reushc toÔ sunìlou E. K�tw apì poièc
sunj kec mporoÔme na k�noume enallag  twn orÐwn gia x → ξ kai gia n →∞?
Me �lla lìgia ja exet�soume pìte isqÔei h isìthta

lim
n→∞ lim

x→ξ
fn(x) = lim

x→ξ
lim

n→∞ fn(x).

Je¸rhma 4.5.1 DÐnontai akoloujÐa sunart sewn {fn} sto sÔnolo E kai
èna shmeÐo suss¸reushc ξ toÔ E. Upojètoume
(a) fn−→oµ f sto E,
(b) Gia k�je n ∈ N, to ìrio limx→ξ fn(x) up�rqei; èstw an := limx→ξ fn(x).
Tìte h akoloujÐa {an} sugklÐnei kai isqÔei

lim
n→∞ an = lim

x→ξ
f(x),

dhlad 
lim

n→∞ lim
x→ξ

fn(x) = lim
x→ξ

lim
n→∞ fn(x).

Apìdeixh.
'Estw ε > 0. Ja deÐxoume pr¸ta ìti h akoloujÐa {an} eÐnai akoloujÐa
Cauchy. Epeid  h {fn} sugklÐnei omoiìmorfa sto E, up�rqei no ∈ N tè-
toio ¸ste

|fn(x)− fm(x)| < ε

3
, ∀n,m ≥ no, ∀x ∈ E.
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Apì thn upìjesh (b), gia n,m ∈ N, up�rqei δ > 0 tètoio ¸ste gia k�je
x ∈ E me 0 < |x− ξ| < δ,

|fn(x)− an| < ε

3
kai |fm(x)− am| < ε

3
.

'Ara an n,m ≥ no kai x ∈ E me 0 < |x− ξ| < δ, tìte

|an − am| ≤ |an − fn(x)|+ |fn(x)− fm(x)|+ |fm(x)− am| < ε.

Sunep¸c h akoloujÐa {an} eÐnai akoloujÐa Cauchy.

AfoÔ h {an} eÐnai akoloujÐa Cauchy, ja eÐnai kai sugklÐnousa. 'Estw
a := lim an. Up�rqei tìte n1 ∈ N tètoio ¸ste

|an − a| < ε

3
, ∀n ≥ n1.

Apì thn upìjesh (b), up�rqei n2 ∈ N tètoio ¸ste

|fn(x)− an| < ε

3
, ∀n ≥ n2, ∀x ∈ E.

Jètoume N := max{n1, n2}. Apì thn upìjesh (a), up�rqei δ > 0, tètoio
¸ste

|fN (x)− f(x)| < ε

3
, ∀x ∈ E me 0 < |x− ξ| < δ.

Epomènwc, an x ∈ E me 0 < |x− ξ| < δ, tìte

|f(x)− a| ≤ |f(x)− fN (x)|+ |fN (x)− aN |+ |aN − a| < ε,

dhlad  limx→ξ f(x) = a. ¤

4.6 Omoiìmorfh sÔgklish kai olokl rwsh

'Ena basikì kai suqn� emfanizìmeno er¸thma sthn An�lush eÐnai pìte m-
poroÔme na b�loume to ìrio mèsa sto olokl rwma. Piì sugkekrimèna: pìte
isqÔei h isìthta

(4.5) lim
n→∞

∫ b

a
fn(x) dx =

∫ b

a
lim

n→∞ fn(x) dx.

Par�deigma 4.6.1 'Estw fn(x) = nχ(0,1/n](x). IsqÔei fn−→σ f sto R, ìpou
f h mhdenik  sun�rthsh. 'Omwc gia k�je n ∈ N, ∫ 1

0 fn = 1 6= 0 =
∫ 1
0 f.
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To akìloujo je¸rhma lèei ìti h isìthta (4.5) isqÔei ìtan fn−→oµ f .

Je¸rhma 4.6.2 DÐnetai mi� akoloujÐa sunart sewn {fn} pou eÐnai ìlec suneqeÐc
sto di�sthma [a, b]. An fn−→oµ f sto [a, b], tìte h f eÐnai oloklhr¸simh sto
[a, b] kai isqÔei

(4.6) lim
n→∞

∫ b

a
fn =

∫ b

a
f.

Apìdeixh.
Apì to Je¸rhma 4.4.1 h f eÐnai suneq c, �ra kai oloklhr¸simh sto [a, b].
EpÐshc isqÔei

0 ≤
∣∣∣∣
∫ b

a
fn −

∫ b

a
f

∣∣∣∣ ≤
∫ b

a
|fn − f | ≤ (b− a) d(fn, f).

Lìgw omoiìmorfhc sÔgklishc, limn→∞ d(fn, f) = 0 kai to je¸rhma apodeÐqthke.
¤

To je¸rhma autì mporeÐ na apodeiqjeÐ me thn upìjesh ìti oi fn eÐnai
oloklhr¸simec sto [a, b] (kai ìqi kat' an�gkh suneqeÐc); bl. ta biblÐa [4], [8],
[10]   thn 'Askhsh 4.8.33.

Par�deigma 4.6.3 'Estw

fn(x) =
2n

nx + 3
, x ∈ (0,∞).

'Opwc eÐdame sto Par�deigma 4.3.9, fn−→σ f sto (0,∞), ìpou f(x) = 2/x. H
sÔgklish den eÐnai omoiìmorfh sto (0,∞). 'Omwc fn−→oµ f sto [a,+∞) gia
opoiod pote a > 0. SÔmfwna me to Je¸rhma 4.6.2,

lim
n→∞

∫ 2

1

2n

nx + 3
dx =

∫ 2

1

2
x

dx = 2(log 2− log 1) = 2 log 2.

To ìrio

lim
n→∞

∫ 1

0

2n

nx + 3
dx

den mporeÐ na brejeÐ me ton Ðdio trìpo. Gia na to broÔme upologÐzoume pr¸ta
to olokl rwma kai met� paÐrnoume ìrio gia n →∞:

lim
n→∞

∫ 1

0

2n

nx + 3
dx = lim

n→∞[2 log(nx+3)]10 = lim
n→∞ 2[log(n+3)− log 3] = +∞.
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Par�deigma 4.6.4 To sÔnolo Q∩[0, 1] eÐnai arijm simo. 'Estw q1, q2, q3 . . .
mia arÐjmhs  tou. OrÐzoume thn akoloujÐa sunart sewn

fn(x) =

{
1, an x = q1, q2, . . . , qn,

0, an x ∈ [0, 1] \ {q1, q2, . . . , qn}.

Gia k�je n ∈ N, h sun�rthsh fn èqei peperasmènou pl jouc shmeÐa asunè-
qeiac. 'Ara eÐnai oloklhr¸simh sto [0, 1]; epÐshc profan¸c isqÔei

∫ 1
0 fn = 0.

Exet�zoume t¸ra th sÔgklish thc akoloujÐac {fn}. EÔkola apodeiknÔe-
tai ìti fn−→σ f sto [0, 1], ìpou

f(x) =

{
1, an x = Q ∩ [0, 1],
0, an x ∈ [0, 1] \Q.

UpologÐzontac ta p�nw kai k�tw ajroÐsmata Riemann, brÐskoume ìti h f den
eÐnai oloklhr¸simh sto [0, 1]. H {fn} den sugklÐnei omoiìmorfa sto [0, 1].

4.7 Omoiìmorfh sÔgklish kai parag¸gish

Sthn par�grafo aut  exet�zoume to er¸thma: Pìte mporoÔme na enall�xoume
tic pr�xeic thc parag¸gishc kai tou orÐou; pìte, dhlad , isqÔei

(4.7) lim
n→∞ f ′n = [ lim

n→∞ fn]′?

To par�deigma pou akoloujeÐ deÐqnei ìti h omoiìmorfh sÔgklish thc {fn} den
eggu�tai thn isqÔ thc (4.7).

Par�deigma 4.7.1 'Estw fn(x) = sin nx
n , x ∈ (0, 2π). Tìte |fn(x)| ≤ 1

n .
'Ara h {fn} sugklÐnei omoiìmorfa sto (0, 2π) proc th mhdenik  sun�rthsh.
'Omwc f ′n(x) = cosnx. H akoloujÐa {f ′n} den sugklÐnei (shmeiak�) sto (0, 2π)
diìti f ′n(π) = (−1)n.

Par�deigma 4.7.2 'Estw

fn(x) =
nx

1 + n2x2
, x ∈ R.

H {fn} sugklÐnei shmeiak� sto R proc th mhdenik  sun�rthsh f . H sÔgklish
den eÐnai omoiìmorfh. Pr�gmati, eÔkola apodeiknÔetai ìti

dR(fn, f) = fn

(
1
n

)
=

1
2
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gia k�je n ∈ N. H akoloujÐa twn parag¸gwn eÐnai h

f ′n(x) =
n− n3x2

(1 + n2x2)2
, x ∈ R.

ParathroÔme ìti h {f ′n} sugklÐnei shmeiak� sto R \ {0} proc th mhdenik 
sun�rthsh, en¸ h f ′n(0) = n sugklÐnei sto +∞.

Par�deigma 4.7.3 'Estw

fn(x) =
sin(nx)

n1/2
, x ∈ R.

IsqÔei |fn(x)| ≤ n−1/2 gia ìla ta n kai ìla ta x. 'Ara h {fn} sugklÐnei omoiì-
morfa sto R proc th mhdenik  sun�rthsh f . H akoloujÐa twn parag¸gwn
eÐnai h

f ′n(x) = n1/2 cos(nx), x ∈ R.

Ja deÐxoume ìti gia k�je x ∈ R, h akoloujÐa arijm¸n {f ′n(x)} den eÐnai
fragmènh; epomènwc oÔte kai sugklÐnousa. StajeropoioÔme x ∈ R.
An n ∈ N kai | cos(nx)| ≥ 1/2, tìte |f ′n(x)| ≥ n1/2/2.
An n ∈ N kai | cos(nx)| < 1/2, tìte | cos(2nx)| = |2 cos2(nx)−1| > 1/2. 'Ara

|f ′2n(x)| = (2n)1/2| cos(2nx)| ≥ (2n)1/2

2
.

SumperaÐnoume ìti to sÔnolo {n ∈ N : |f ′n(x)| ≥ n1/2/2} eÐnai �peiro. E-
pomènwc h {f ′n(x)} den eÐnai fragmènh. Telik� loipìn h akoloujÐa {fn}
apoteleÐtai apì paragwgÐsimec sunart seic kai eÐnai omoiìmorfa sugklÐnousa,
en¸ h akoloujÐa twn parag¸gwn {f ′n} den sugklÐnei gia kanèna x ∈ R.

To je¸rhma pou akoloujeÐ deÐqnei ìti k�tw apì isqurèc proüpojèseic, h
(4.7) isqÔei:

Je¸rhma 4.7.4 DÐnetai mi� akoloujÐa sunart sewn {fn} pou eÐnai oris-
mènec sto di�sthma [a, b]. Upojètoume ìti:
(a) 'Olec oi fn èqoun suneq  par�gwgo sto [a, b].
(b) H pragmatik  akoloujÐa {fn(xo)} sugklÐnei gia èna toul�qisto xo ∈ [a, b].
(g) H akoloujÐa twn parag ģwn {f ′n} sugklÐnei omoiìmorfa sto [a, b].
Tìte:
(i) h {fn} sugklÐnei omoiìmorfa sto [a, b] prìc mi� sun�rthsh f .
(ii) H f eÐnai paragwgÐsimh sto [a, b].
(iii) f ′n−→oµ f ′ sto [a, b].
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Apìdeixh.
Pr¸ta ja deÐxoume ìti h akoloujÐa {fn} sugklÐnei shmeiak� sto [a, b] prìc mia
sun�rthsh f . 'Estw C = limn→∞ fn(xo) kai èstw g(x) = limn→∞ f ′n(x), x ∈
[a, b]. Apì upìjesh tou jewr matoc, f ′n−→oµ g sto [a, b]. Apì to Jemeli¸dec
Je¸rhma toÔ LogismoÔ prokÔptei ìti

(4.8) fn(x) = fn(xo) +
∫ x

xo

f ′n, x ∈ [a, b].

PaÐrnoume ìria sthn (4.8) gia n → ∞ kai, lìgw toÔ Jewr matoc 4.6.2,
prokÔptei

(4.9) lim
n→∞ fn(x) = C +

∫ x

xo

g, x ∈ [a, b].

OrÐzoume f(x) = C +
∫ x
xo

g, x ∈ [a, b]. H (4.9) shmaÐnei ìti fn−→σ f sto [a, b].
EpÐshc apì to Jemeli¸dec Je¸rhma toÔ LogismoÔ prokÔptei ìti f ′ = g kai
epìmènwc f ′n−→oµ f ′ sto [a, b].

Mènei na deÐxoume ìti fn−→oµ f sto [a, b]: Gi� x ∈ [a, b],

|fn(x)− f(x)| =
∣∣∣fn(xo)− f(xo) +

∫ x

xo

(f ′n − f ′)
∣∣∣

≤ |fn(xo)− f(xo)|+
∫ x

xo

|f ′n − f ′|

≤ |fn(xo)− f(xo)|+ (b− a) d(f ′n, f ′).

'Ara d(fn, f) ≤ |fn(xo) − f(xo)| + (b − a) d(f ′n, f ′). PaÐrnontac ìria gia
n →∞ prokÔptei ìti fn−→oµ f sto [a, b]. ¤

To je¸rhma autì mporeÐ na apodeiqjeÐ kai qwrÐc thn upìjesh ìti oi f ′n
eÐnai suneqeÐc all� h apìdeixh eÐnai piì dÔskolh; bl. ta biblÐa [4]   [8].

4.8 Ask seic
4.8.1 ApodeÐxte to Je¸rhma 4.2.6.

4.8.2 Exet�ste th sÔgklish (shmeiak  kai omoiìmorfh) thc akoloujÐac sunart -
sewn fn(x) = x2n/(1 + x2n), x ∈ R, n ∈ N.

4.8.3 DeÐxte ìti sto Par�deigma 4.2.2 h sÔgklish eÐnai omoiìmorfh se k�je kleistì
di�sthma [a, b] all� den eÐnai omoiìmorfh sto R. Exet�ste epÐshc th sÔgklish thc
akoloujÐac twn parag¸gwn.
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4.8.4 Gia mi� pragmatik  akoloujÐa {an}∞n=1 isqÔei limn→∞ an = a ∈ R. Jew-
roÔme thn akoloujÐa twn stajer¸n sunart sewn fn(x) = an, x ∈ R. DeÐxte ìti
fn−→oµ f sto R, ìpou f eÐnai h stajer  sun�rthsh f(x) = a, x ∈ R.

4.8.5 'Estw f mia pragmatik  sun�rthsh orismènh sto E ⊂ R. JewroÔme thn
akoloujÐa twn sunart sewn fn = f, ∀n ∈ N. DeÐxte ìti fn−→oµ f sto E.

4.8.6 An fn−→oµ f sto E kai kajemi� apì tic sunart seic fn eÐnai fragmènh sto E,
deÐxte ìti h akoloujÐa sunart sewn {fn} eÐnai omoiìmorfa fragmènh sto E.

4.8.7 'Estw F èna sÔnolo pragmatik¸n sunart sewn. Lème ìti h sun�rthsh f
proseggÐzetai omoiìmorfa sto sÔnolo E apì sunart seic toÔ sunìlou F an gi�
k�je ε > 0, up�rqei g ∈ F tètoia ¸ste dE(f, g) < ε.

DeÐxte ìti h sun�rthsh f proseggÐzetai omoiìmorfa sto E apì sunart seic toÔ
sunìlou F an kai mìno an up�rqei akoloujÐa {gn}∞n=1 ⊂ F tètoia ¸ste gn−→oµ f sto
E.

4.8.8 Swstì   L�joc?
(a) An fn−→σ f sto E kai kajemÐa apì tic sunart seic fn eÐnai fjÐnousa sto E tìte
kai h f eÐnai fjÐnousa sto E.
(b) An fn−→σ f sto E kai kajemÐa apì tic sunart seic fn eÐnai gnhsÐwc fjÐnousa
sto E tìte kai h f eÐnai gnhsÐwc fjÐnousa sto E.
(g) An fn−→oµ f sto E kai kajemÐa apì tic sunart seic fn eÐnai fragmènh sto E tìte
h akoloujÐa sunart sewn {fn} eÐnai omoiìmorfa fragmènh sto E.
(d) An oi sunart seic fn eÐnai suneqeÐc sto R kai fn−→oµ f se k�je kleistì di�sthma
[a, b], tìte kai h f eÐnai suneq c sto R.
(e) An oi sunart seic fn eÐnai suneqeÐc sto [0, 1] kai fn−→oµ f sto [0, 1], tìte

lim
n→∞

∫ 1−1/n

0

fn =
∫ 1

0

f.

(st) An fn−→oµ f se k�je di�sthma [a, b], tìte fn−→oµ f sto R.

4.8.9 BreÐte mia akoloujÐa suneq¸n sunart sewn fn : (0, 1) → R pou na sugklÐnei
shmeiak� all� ìqi omoiìmorfa sto (0, 1) kai h oriak  sun�rthsh eÐnai suneq c sto
(0, 1).

4.8.10 BreÐte mia akoloujÐa suneq¸n sunart sewn fn : [0, 1] → R pou na sugk-
lÐnei shmeiak� sto [0, 1] prìc th mhdenik  sun�rthsh all� isqÔei

lim
n→∞

∫ 1

0

fn 6= 0.

4.8.11 An h f : R → R eÐnai omoiìmorfa suneq c kai fn(x) := f(x + 1
n ), deÐxte

ìti fn−→oµ f sto R.
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4.8.12 Melet ste wc proc th sÔgklish thn akoloujÐa sunart sewn fn : [0, 1] → R
me

fn(x) =

{
n2x, x ∈ [0, 1

n ),
1

(n+1)x−1 , x ∈ [ 1
n , 1].

4.8.13 DeÐxte ìti h akoloujÐa sunart sewn {fn} me

fn(x) =

{
x
n , an n �rtioc,
1
n , an n perittìc,

sugklÐnei shmeiak� all� ìqi omoiìmorfa sto R. BreÐte upakoloujÐa t c {fn} h
opoÐa na sugklÐnei omoiìmorfa sto R.

4.8.14 Exet�ste tic parak�tw akoloujÐec sunart sewn wc proc thn omoiìmorfh
sÔgklish sto [0, 1].

(a) fn(x) =
1

1 + (nx− 1)2
,

(b) fn(x) =
x2

x2 + (nx− 1)2
,

(c) fn(x) = xn(1− x),
(d) fn(x) = nxn(1− x),
(e) fn(x) = n3xn(1− x)4,

(f) fn(x) =
nx2

1 + nx
,

(g) fn(x) =
1

1 + xn
.

4.8.15 Exet�ste tic parak�tw akoloujÐec sunart sewn wc proc thn omoiìmorfh
sÔgklish sto A.

(a) fn(x) = arctan
2x

x2 + n3
, A = R,

(b) fn(x) = n log
(

1 +
x2

n

)
, A = R,

(c) fn(x) = n log
1 + xn

nx
, A = (0,∞),

(d) fn(x) = 2n
√

1 + x2n, A = R,

(e) fn(x) = n( n
√

x− 1), A = [1, a], a > 1.

4.8.16 DÐnetai sun�rthsh f : [a, b] → R. OrÐzoume

fn(x) =
[nf(x)]

n
, x ∈ [a, b].

DeÐxte ìti fn−→oµ f sto [a, b].
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4.8.17? OrÐzoume fn(x) = n sin
√

4π2n2 + x2. DeÐxte ìti h {fn} sugklÐnei omoiì-
morfa sto [0, a], a > 0. Exet�ste an h {fn} sugklÐnei omoiìmorfa sto R.

4.8.18 Mi� akoloujÐa omoiìmorfa suneq¸n sunart sewn sugklÐnei omoiìmorfa
sto R. DeÐxte ìti h sun�rthsh-ìrio eÐnai ki aut  omoiìmorfa suneq c sto R.

4.8.19 Upojètoume ìti h f : R→ R eÐnai paragwgÐsimh kai h f ′ eÐnai omoiìmorfa
suneq c sto R. Jètoume

fn(x) =
f(x + 1/n)− f(x)

1/n
, x ∈ R.

DeÐxte ìti fn−→oµ f ′ sto R. DeÐxte me antipar�deigma ìti h upìjesh t c omoiìmorfhc
sunèqeiac eÐnai aparaÐthth.

4.8.20? Mi� akoloujÐa poluwnÔmwn sugklÐnei omoiìmorfa sto R. DeÐxte ìti h
sun�rthsh-ìrio eÐnai polu¸numo.

4.8.21 'Estw fn(x) = npx(1 − x2)n, x ∈ [0, 1], n ∈ N, ìpou p mia pragmatik 
par�metroc. DeÐxte ìti gia k�je tim  toÔ p, h {fn} sugklÐnei shmeiak� sto [0, 1]
proc k�poia sun�rthsh f . Gia poièc timèc toÔ p h sÔgklish eÐnai omoiìmorfh? Gia
poièc timèc toÔ p isqÔei limn→∞

∫ 1

0
fn =

∫ 1

0
f ?

4.8.22 'Estw fn(x) = 1
1+n2x2 , x ∈ [0, 1], n ∈ N. DeÐxte ìti h {fn} sugklÐnei

shmeiak� all� ìqi omoiìmorfa sto [0, 1] proc mi� sun�rthsh f . Exet�ste an isqÔei
h isìthta limn→∞

∫ 1

0
fn =

∫ 1

0
f ?

4.8.23 'Estw fn(x) = x
1+nx2 , x ∈ R, n ∈ N.

(a) DeÐxte ìti h {fn} sugklÐnei omoiìmorfa sto R proc mia sun�rthsh f .
(b) DeÐxte ìti h {f ′n} sugklÐnei shmeiak� sto R proc mia sun�rthsh g.
(g) DeÐxte ìti f ′(x) = g(x) gia k�je x 6= 0 all� f ′(0) 6= g(0).
(d) Gia poi� di�sthmata [a, b] isqÔei f ′n−→oµ g sto [a, b]?

4.8.24 'Estw fn(x) = 1
nen2x2 , x ∈ R, n ∈ N.

(a) DeÐxte ìti h {fn} sugklÐnei omoiìmorfa sto R proc mia sun�rthsh f .
(b) DeÐxte ìti h {f ′n} sugklÐnei shmeiak� sto R proc th sun�rthsh f ′.
(g) DeÐxte ìti h sÔgklish thc {f ′n} den eÐnai omoiìmorfh se k�je di�sthma pou
perièqei to 0.
(d) DeÐxte ìti h sÔgklish thc {f ′n} eÐnai omoiìmorfh se k�je kèistì di�sthma pou
den perièqei to 0.

4.8.25 DeÐxte ìti h akoloujÐa sunart sewn fn(x) = (1 + x/n)n sugklÐnei omoiì-
morfa proc thn ex se k�je kleistì di�sthma. DeÐxte epÐshc ìti h sÔgklish den eÐnai
omoiìmorfh sto R.
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4.8.26 Gia kajemi� apì tic parak�tw akoloujÐec sunart sewn, breÐte to shmeiakì
touc ìrio kai ta diast mata sta opoÐa h sÔgklish eÐnai omoiìmorfh. EpÐshc exet�ste
th sÔgklish twn parag¸gwn kai twn oloklhrwm�twn.
(a) fn(x) = xe−nx, x ∈ [0,∞).
(b) fn(x) = nxe−nx, x ∈ [0,∞).

4.8.27? DÐnetai h akoloujÐa sunart sewn fn(x) = xn, x ∈ [0, 1], n ∈ N kai h
suneq c sun�rthsh g : [0, 1] → R me g(1) = 0. DeÐxte ìti h akoloujÐa sunart sewn
{gfn} sugklÐnei omoiìmorfa sto [0, 1].

4.8.28 Melet ste se sqèsh me to krit rio toÔ Dini (Je¸rhma 4.4.4) tic parak�tw
akoloujÐec suanrt sewn:
(a) fn(x) = 1− xn, x ∈ [0, 1].
(b)

fn(x) =

{
0, an x ∈ (0, 1/n),
1, an x ∈ {0} ∪ [1/n, 1].

4.8.29 DÐnetai mi� akoloujÐa sunart sewn fn : E → [a, b]. An fn−→oµ f sto E kai
h sun�rthsh g eÐnai suneq c sto [a, b], deÐxte ìti

g ◦ fn−→oµ g ◦ f sto E.

4.8.30 DÐnontai mi� akoloujÐa sunart sewn fn : E → R kai mi� sun�rthsh g :
A → E. DeÐxte ìti an fn−→oµ f sto E, tìte

fn ◦ g−→oµ f ◦ g sto A.

4.8.31 Upojètoume ìti fn−→oµ f sto E kai ìti kajemi� apì tic fn eÐnai suneq c
sto E. An x ∈ E kai {xn} eÐnai mia akoloujÐa sto E tètoia ¸ste limn→∞ xn = x,
deÐxte ìti limn→∞ fn(xn) = f(x).
(To apotèlesma autì mporeÐ na qrhsimopoihjeÐ gia na apodeÐxoume ìti mia akoloujÐa
sunart sewn den sugklÐnei omoiìmorfa).

4.8.32? 'Estw ìti h fn : [a, b] → R ikanopoieÐ thn anisìthta |fn(x)| ≤ 1 gia k�je
x ∈ [a, b] kai k�je n ∈ N. DeÐxte ìti up�rqei upakoloujÐa {fnk

} tètoia ¸ste to
ìrio limk→∞ fnk

(q) na up�rqei gia k�je q ∈ Q ∩ [a, b].

4.8.33? DÐnetai mi� akoloujÐa sunart sewn {fn} pou eÐnai ìlec oloklhr¸simec
(kat� Riemann) sto di�sthma [a, b]. An fn−→oµ f sto [a, b], tìte h f eÐnai oloklhr¸simh
sto [a, b] kai isqÔei

lim
n→∞

∫ b

a

fn =
∫ b

a

f.
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4.8.34 DÐnontai sunart seic {fn} kai f pou eÐnai oloklhr¸simec (kat� Riemann)
sto di�sthma [a, b]. Upojètoume ìti up�rqei M > 0 tètoio ¸ste |fn(x)| ≤ M kai
|f(x)| ≤ M , gi� k�je x ∈ [a, b]. An gia k�je η > 0, fn−→oµ f sto [a + η, b− η], tìte
isqÔei

lim
n→∞

∫ b

a

fn =
∫ b

a

f.

4.8.35? ('Orio dipl c akoloujÐac) DÐnetai mia dipl  akoloujÐa, dhlad  mia sun�rthsh
f : N×N→ R. Gia k�je n ∈ N, orÐzoume th sun�rthsh gn : N→ R me thn isìthta

gn(m) = f(m, n), m ∈ N.

Upojètoume ìti gn−→oµ g sto N, ìpou g(m) = limn→∞ f(m,n). An to epanalam-
banìmeno ìrio

lim
m→∞

lim
n→∞

f(m,n)

up�rqei, deÐxte ìti to diplì ìrio limm,n→∞ f(m,n) epÐshc up�rqei, kai isqÔei

lim
m→∞

lim
n→∞

f(m,n) = lim
m,n→∞

f(m, n).

4.8.36? Gia x ∈ [0,∞) kai n ∈ N, orÐzoume

f1(x) =
√

x, fn+1(x) =
√

x + fn(x).

DeÐxte ìti:
(a) 0 = fn(0) < fn(x) < fn+1(x) < 1 + x, ∀n ∈ N, ∀x > 0.
(b) H {fn} sugklÐnei omoiìmorfa sto [a, b] gia 0 < a < b < ∞ all� den sugklÐnei
omoiìmorfa sto [0, 1].
(Upìdeixh: Epagwg  kai Dini).

4.8.37? (a) BreÐte mia akoloujÐa sunart sewn fn : [0, 1] → R tètoia ¸ste: (i)
Gia k�je x ∈ [0, 1], h pragmatik  akoloujÐa {fn(x)} den sugklÐnei, kai (ii) isqÔei
limn→∞

∫ 1

0
fn = 0.

(b) BreÐte mia akoloujÐa suneq¸n sunart sewn fn : [0, 1] → R tètoia ¸ste: (i)
Gia k�je x ∈ [0, 1], h pragmatik  akoloujÐa {fn(x)} den sugklÐnei, kai (ii) isqÔei
limn→∞

∫ 1

0
fn = 0.

(g) BreÐte mia akoloujÐa sunart sewn fn : [0, 1] → R tètoia ¸ste: (i) Gia k�je
x ∈ [0, 1], h pragmatik  akoloujÐa {fn(x)} den sugklÐnei, kai (ii) isqÔei

∫ 1

0
fn = 1

gia k�je n ∈ N.

4.8.38? DÐnontai mi� akoloujÐa suneq¸n sunart sewn fn : E → R kai èna puknì
uposÔnolo D tou E. An fn−→σ f sto E kai fn−→oµ f sto D, deÐxte ìti h f eÐnai
suneq c sto E.
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4.9 Shmei¸seic
H omoiìmorfh sÔgklish prwtoemfanÐsthke sta mèsa toÔ 19ou ai¸na (bl. [2, sel.160]).
O Karl Weierstrass kai oi majhtèc tou antil fjhkan gr gora th jemeli¸dh shmasÐ-
a thc kai anèptuxan me austhrìthta th sqetik  jewrÐa. Bl. epÐshc kai to �rjro
[G.H.Hardy, Sir George Stokes and the concept of uniform convergence, Proc. Cam-
bridge Philosophical Soc. 19 (1918), 148-156].

O orismìc thc omoiìmorfhc sÔgklishc me qr sh thc apìstashc d(fn, f) up�rqei
sto [10].

Asfal¸c to piì qr simo apotèlesma gia thn omoiìmorfh sÔgklish eÐnai to
je¸rhma gia thn enallag  olokl rwshc kai orÐou (bl. Je¸rhma 4.6.2 kai 'Askhsh
4.8.34). Up�rqei èna isqurìtero apotèlesma to opoÐo apodeÐqjhke apì ton Arzelà
to 1885.

Je¸rhma 4.9.1 DÐnetai mi� akoloujÐa sunart sewn {fn} pou eÐnai ìlec oloklhr¸simec
(kat� Riemann) sto di�sthma [a, b]. Upojètoume ìti fn−→σ f sto [a, b] kai ìti h f
eÐnai oloklhr¸simh sto [a, b]. An up�rqei M > 0 tètoio ¸ste

|fn(x)| ≤ M, ∀n ∈ N, ∀x ∈ [a, b],

tìte

lim
n→∞

∫ b

a

fn =
∫ b

a

f.

To je¸rhma autì eÐnai eidik  perÐptwsh toÔ Jewr matoc KuriarqoÔmenhc SÔgklishc
toÔ Lebesgue (bl. [2], [5], [8]). Up�rqoun ìmwc kai apodeÐxeic tou (dÔskolec) qwrÐc
qr sh thc jewrÐac toÔ Lebesgue. Bl. [F.Cunningham, Taking limits under the
integral sign, Math. Mag. 40 (1967), 179-186], [H.Kestelman, Riemann integration
of limit-functions, Amer. Math. Monthly 77 (1970), 182-187], [W. A. Luxemburg,
Amer. Math. Monthly 78 (1971), 970-979].

Sto [1] up�rqei kai h lÔsh thc 'Askhshc 4.8.35 h opoÐa eÐnai pollèc forèc
qr simh.

Oi ènnoiec thc shmeiak c kai thc omoiìmorfhc sÔgklishc mporoÔn na oristoÔn me
ton Ðdio akrib¸c trìpo kai gia akoloujÐec pragmatik¸n (  migadik¸n) sunart sewn
pou eÐnai orismènec se opoiod pote sÔnolo. Ta jewr mata 4.3.6, 4.3.14, 4.4.1, 4.4.4,
5.2.1 (me tic profaneÐc tropopoi seic stÐc diatup¸seic kai stic apodeÐxeic touc)
suneqÐzoun na isqÔoun.
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Kef�laio 5

Seirèc sunart sewn

5.1 Eisagwgik�

Orismìc 5.1.1 DÐnetai mi� akoloujÐa sunart sewn {fn}∞n=1 pou eÐnai ìlec
orismènec sto sÔnolo E ⊂ R. JewroÔme thn akoloujÐa sunart sewn {sn}∞n=1

pou orÐzontai apì thn isìthta

sn(x) = f1(x) + f2(x) + · · ·+ fn(x), x ∈ E.

An h {sn} sugklÐnei shmeiak� sto E proc mi� sun�rthsh s, tìte lème ìti h
seir� sunart sewn

∑∞
n=1 fn sugklÐnei shmeiak� sto E proc th sun�rthsh s

kai gr�foume

s=σ
∞∑

n=1

fn.

An sn−→oµ s sto E, tìte lème ìti h seir� sunart sewn
∑∞

n=1 fn sugklÐnei
omoiìmorfa sto E proc th sun�rthsh s kai gr�foume

s=oµ
∞∑

n=1

fn.

H akoloujÐa {sn} onom�zetai akoloujÐa twn merik¸n ajroism�twn thc seir�c∑∞
n=1 fn.

Par�deigma 5.1.2 'Estw fn(x) = xn−1, x ∈ (−1, 1), n ∈ N. Tìte

sn(x) = f1(x) + f2(x) + · · ·+ fn(x) =
1− xn

1− x
.
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'Ara sn−→σ s sto (−1, 1), ìpou s(x) = 1
1−x , dhlad 

1
1− x

=σ
∞∑

n=1

xn−1.

H sÔgklish den eÐnai omoiìmorfh sto (−1, 1) diìti

d(−1,1)(sn, s) = sup
x∈(−1,1)

|x|n
|1− x| = +∞.

H sÔgklish eÐnai omoiìmorfh sto [−a, a] gia opoiod pote a me 0 < a < 1.
Pr�gmati

d[−a,a](sn, s) = sup
x∈[−a,a]

|x|n
|1− x| =

an

1− a
→ 0.

Efarmìzontac sthn akoloujÐa twn merik¸n ajroism�twn {sn} ta di�fora
jewr mata pou apodeÐxame stic prohgoÔmenec paragr�fouc paÐrnoume an�lo-
ga jewr mata gia tic seirèc sunart sewn. 'Etsi prokÔptoun ta akìlouja:

Je¸rhma 5.1.3 An s=oµ
∑∞

n=1 fn sto E, tìte s=σ
∑∞

n=1 fn.

Je¸rhma 5.1.4 (Krit rio Cauchy gia omoiìmorfh sÔgklish) H seir�
sunart sewn

∑∞
n=1 fn sugklÐnei omoiìmorfa proc k�poia sun�rthsh sto E

an kai mìno an gia k�je ε > 0, up�rqei no ∈ N tètoio ¸ste

(5.1)
∣∣∣

n+p∑

k=n+1

fk(x)
∣∣∣ < ε, ∀n ≥ no, ∀p ∈ N, ∀x ∈ E.

Apìdeixh.
'Estw {sn} h akoloujÐa twn merik¸n ajroism�twn t c seir�c sunart sewn∑∞

n=1 fn. Ex orismoÔ h
∑∞

n=1 fn sugklÐnei omoiìmorfa sto E an kai mìno an
h {sn} sugklÐnei omoiìmorfa sto E. Apì to krit rio Cauchy gia thn omoiì-
morfh sÔgklish akolouji¸n sunart sewn (Je¸rhma 4.3.14), h {sn} sugklÐnei
omoiìmorfa sto E an kai mìno an gia k�je ε > 0, up�rqei no ∈ N tètoio ¸ste

∀n ≥ no, ∀p ∈ N, ∀x ∈ E, |sn+p(x)− sn(x)| < ε.

'Omwc

sn+p(x)− sn(x) =
n+p∑

k=n+1

fn(x)

ki epomènwc to je¸rhma apodeÐqjhke. ¤
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Je¸rhma 5.1.5 An oi sunart seic fn, n ∈ N, eÐnai suneqeÐc sto xo ∈ E kai
s=oµ

∑∞
n=1 fn sto E, tìte h s eÐnai suneq c sto xo.

Apìdeixh.
To je¸rhma prokÔptei �mesa apì to Je¸rhma 4.4.1. ¤

Je¸rhma 5.1.6 An oi sunart seic fn, n ∈ N, eÐnai suneqeÐc sto di�sthma
[a, b] kai s=oµ

∑∞
n=1 fn sto [a, b], tìte

∫ b

a
s =

∞∑

n=1

∫ b

a
fn.

Apìdeixh.
'Estw {sn} h akoloujÐa twn merik¸n ajroism�twn t c seir�c sunart sewn∑∞

n=1 fn. Apì thn upìjesh, sn−→oµ s sto [a, b]. Epeid  ìlec oi fn eÐnai suneqeÐc
sto [a, b], kai h sn = f1 + · · · + fn ja eÐnai suneq c sto [a, b] gia k�je
n ∈ N. Lìgw toÔ Jewr matoc 4.4.1, h s eÐnai suneq c sto [a, b], (�ra kai
oloklhr¸simh). T¸ra to Je¸rhma 4.6.2 kai h grammikìthta toÔ oloklhr¸-
matoc dÐnoun

∫ b

a
s = lim

n→∞

∫ b

a
sn = lim

n→∞

∫ b

a

(
n∑

k=1

fk

)
= lim

n→∞

n∑

k=1

∫ b

a
fk =

∞∑

k=1

∫ b

a
fk.

¤

Je¸rhma 5.1.7 Upojètoume ìti:
(a) 'Olec oi fn èqoun suneq  par�gwgo sto [a, b].
(b) H seir� (arijm¸n)

∑∞
n=1 fn(xo) sugklÐnei gia èna toul�qisto xo ∈ [a, b].

(g) H seir� twn parag ģwn
∑∞

n=1 f ′n sugklÐnei omoiìmorfa sto [a, b].
Tìte:
(i) h seir� sunart sewn

∑∞
n=1 fn sugklÐnei omoiìmorfa sto [a, b] prìc mi�

sun�rthsh s.
(ii) H s eÐnai paragwgÐsimh sto [a, b].
(iii) s′=oµ

∑∞
n=1 f ′n.

Apìdeixh.
To je¸rhma prokÔptei �mesa apì to Je¸rhma 4.7.4. ¤

5.2 To krit rio toÔ Weierstrass

To krit rio toÔ Weierstrass eÐnai to shmantikìtero krit rio omoiìmorfhc
sÔgklishc gia seirèc sunart sewn.
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Je¸rhma 5.2.1 (Krit rio toÔ Weierstrass) 'Estw {fn} akoloujÐa sunart -
sewn sto E ⊂ R. Upojètoume ìti up�rqei mi� akoloujÐa pragmatik¸n arijm¸n
{Mn}∞n=1 tètoia ¸ste

|fn(x)| ≤ Mn, ∀x ∈ E, ∀n ∈ N.

An h seir� (arijm¸n)
∑∞

n=1 Mn sugklÐnei, tìte h seir� sunart sewn
∑∞

n=1 fn

sugklÐnei omoiìmorfa sto E.

Apìdeixh.
'Estw ε > 0. Lìgw thc upìjeshc, isqÔei

(5.2)
∣∣∣

n+p∑

k=n+1

fk(x)
∣∣∣ ≤

n+p∑

k=n+1

|fn(x)| ≤
n+p∑

k=n+1

Mk, ∀x ∈ E, ∀n ∈ N, ∀p ∈ N.

Epeid  h seir�
∑∞

n=1 Mn sugklÐnei, up�rqei no ∈ N tètoio ¸ste

(5.3)
n+p∑

k=n+1

Mk < ε, ∀n ≥ no, ∀p ∈ N.

Apì tic (5.2) kai (5.3) prokÔptei ìti

(5.4)
∣∣∣

n+p∑

k=n+1

fk(x)
∣∣∣ < ε, ∀x ∈ E, ∀n ≥ no, ∀p ∈ N.

Lìgw tou krithrÐou Cauchy (Je¸rhma 5.1.4), h seir� sunart sewn
∑∞

n=1 fn

sugklÐnei omoiìmorfa sto E. ¤

Par�deigma 5.2.2 JewroÔme th seir� sunart sewn

(5.5)
∞∑

n=1

sin(nx)
n3

.

IsqÔei ∣∣∣∣
sin(nx)

n3

∣∣∣∣ ≤
1
n3

, ∀n ∈ N, ∀x ∈ R.

EpÐshc h seir� arijm¸n
∑∞

n=1
1
n3 sugklÐnei. Apì to krit rio toÔ Weier-

strass sumperaÐnoume ìti h seir� (5.5) sugklÐnei omoiìmorfa sto R proc mi�
sun�rthsh s.

108



H antÐstoiqh seir� twn parag¸gwn eÐnai h

(5.6)
∞∑

n=1

cos(nx)
n2

.

Ki aut  apì to krit rio toÔ Weierstrass sugklÐnei omoiìmorfa sto R. Oi
seirèc (5.5) kai (5.6) ikanopoioÔn tic upojèseic toÔ Jewr matoc 5.1.7 gia
k�je di�sthma [a, b]. Epomènwc h sun�rthsh s eÐnai paragwgÐsimh sto [a, b]
kai isqÔei

s′(x) =
∞∑

n=1

cos(nx)
n2

, x ∈ [a, b].

Epeid  to [a, b] eÐnai opoiod pote di�sthma, h parap�nw isìthta isqÔei gia
k�je x ∈ R.

Par�deigma 5.2.3 JewroÔme th seir� sunart sewn
∑∞

n=1 fn me

fn(x) =

{
0, an 0 ≤ x ≤ 1

2n+1   1
2n−1 ≤ x ≤ 1,

1
n , an x = 1

2n ,

kai h fn orÐzetai grammik� kai suneq¸c se kajèna apì ta diast mata [1/(2n+
1), 1/(2n)] kai [1/(2n), 1/(2n− 1)]. ParathroÔme ìti

sup{fn(x) : x ∈ [0, 1]} =
1
n

.

'Ara to krit rio toÔ Weierstrass den mporeÐ na efarmosteÐ. Ja deÐxoume ìti
parìla aut� h seir� sugklÐnei omoiìmorfa sto [0, 1].

'Estw x ∈ [0, 1]. Tìte up�rqei monadikìc fusikìc m = m(x) tètoioc ¸ste

1
2m + 1

≤ x <
1

2m− 1
.

'Etsi gia n 6= m, fn(x) = 0. 'Ara h seir� arijm¸n
∑∞

n=1 fn(x) èqei mìno èna
mh mhdenikì ìro kai epomènwc sugklÐnei. Sunep¸c h dojeÐsa seir� sunart -
sewn sugklÐnei shmeiak� sto [0, 1] proc mi� sun�rthsh s. 'Estw {sn} h
akoloujÐa twn merik¸n ajroism�twn. IsqÔei

d[0,1](sn, s) = sup
x∈[0,1]

(s(x)− sn(x)) = sup
x∈[0,1]

((fn+1(x) + fn+2(x) + . . . )

= sup
x∈[0,1]

fn+1(x) = fn+1

(
1

2(n + 1)

)
=

1
n + 1

→ 0.(5.7)

'Ara sn−→oµ s sto [0, 1].
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5.3 ∗ Ta krit ria twn Abel kai Dirichlet

Sthn par�grafo aut  ja apodeÐxoume dÔo akìmh krit ria omoiìmorfhc sÔgk-
lishc gia seirèc sunart sewn. Ja qreiastoÔme to akìloujo l mma pou
ofeÐletai ston Abel.

L mma 5.3.1 ('Ajroish kat� mèrh) DÐnontai dÔo akoloujÐec pragmatik¸n
arijm¸n {an} kai {bn}. Jètoume

sn = a1 + a2 + · · ·+ an gia n ∈ N kai s0 = 0.

An n,m ∈ N kai m ≤ n, tìte

n∑

k=m

akbk =
n−1∑

k=m

sk(bk − bk+1) + snbn − sm−1bm.

Apìdeixh.

n∑

k=m

akbk =
n∑

k=m

(sk − sk−1)bk =
n∑

k=m

skbk −
n∑

k=m

sk−1bk

=
n∑

k=m

skbk −
n−1∑

k=m−1

skbk+1 =
n−1∑

k=m

sk(bk − bk+1) + snbn − sm−1bm.

¤
Sta dÔo jewr mata pou akoloujoÔn èqoume dÔo akoloujÐec sunart sewn

{fn} kai {gn} pou eÐnai orismènec sto sÔnolo E ⊂ R. Me {sn} sumbolÐzoume
thn akoloujÐa sunart sewn me

sn(x) = f1(x) + · · ·+ fn(x), n ∈ N, x ∈ E.

Je¸rhma 5.3.2 (Krit rio toÔ Abel) Upojètoume ìti:
(a)H seir� sunart sewn

∑∞
n=1 fn sugklÐnei omoiìmorfa sto sÔnolo E, (dhlad 

h {sn} sugklÐnei omoiìmorfa sto E).
(b) H {gn} eÐnai monìtonh sto E.
(g) H {gn} eÐnai omoiìmorfa fragmènh sto E.
Tìte h seir� sunart sewn

∑
n fngn sugklÐnei omoiìmorfa sto E.

Apìdeixh.
'Estw ε > 0. Upojètoume ìti h {gn} eÐnai fjÐnousa; (an eÐnai aÔxousa, h
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apìdeixh eÐnai parìmoia). Lìgw thc upìjeshc (g), up�rqei M > 0 tètoio
¸ste

(5.8) |gn(x)| ≤ M, n ∈ N, x ∈ E.

Apì thn upìjesh (a), up�rqei sun�rthsh s tètoia ¸ste sn−→oµ s sto E. Jè-
toume s∗n = sn − s. H akoloujÐa s∗n sugklÐnei omoiìmorfa proc th mhdenik 
sun�rthsh. 'Ara up�rqei N ∈ N tètoio ¸ste

(5.9) |s∗n(x)| < 1
4M

, n ≥ N, x ∈ E.

Qrhsimopoi¸ntac tic (5.8), (5.9) kai to L mma 5.3.1 brÐskoume ìti gia
N < m < n kai x ∈ E,
∣∣∣∣∣

n∑

k=m

fk(x)gk(x)

∣∣∣∣∣ =

∣∣∣∣∣
n−1∑

k=m

sk(x)(gk(x)− gk+1(x)) + sn(x)gn(x)− sm−1(x)gm(x)

∣∣∣∣∣

=

∣∣∣∣∣
n−1∑

k=m

s∗k(x)(gk(x)− gk+1(x)) + s∗n(x)gn(x)− s∗m−1(x)gm(x)

∣∣∣∣∣

≤
n−1∑

k=m

|s∗k(x)|(gk(x)− gk+1(x)) + |s∗n(x)|gn(x) + |s∗m−1(x)|gm(x)

≤ ε

4M
(gm(x)− gn(x) + |gn(x)|+ |gm(x)|)

≤ ε

4M
4M = ε.

Apì to krit rio toÔ Cauchy gia omoiìmorfh sÔgklish (Je¸rhma 1.4.3) prokÔptei
ìti h seir� sunart sewn

∑
n fngn sugklÐnei omoiìmorfa sto E. ¤

Je¸rhma 5.3.3 (Krit rio toÔ Dirichlet) Upojètoume ìti:
(a) H akoloujÐa {sn} eÐnai omoiìmorfa fragmènh sto E.
(b) H {gn} eÐnai monìtonh sto E.
(g) H {gn} sugklÐnei omoiìmorfa sto E proc th mhdenik  sun�rthsh.
Tìte h seir� sunart sewn

∑
n fngn sugklÐnei omoiìmorfa sto E.

Apìdeixh.
'Estw ε > 0. Upojètoume ìti h {gn} eÐnai fjÐnousa; (an eÐnai aÔxousa, h
apìdeixh eÐnai parìmoia). Lìgw kai thc upìjeshc (g), up�rqei N ∈ N tètoio
¸ste

(5.10) 0 ≤ gn+1(x) ≤ gn(x) <
1

2M
, n ≥ N, x ∈ E.
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Lìgw thc upìjeshc (a), up�rqei M > 0 tètoio ¸ste

(5.11) |sn(x)| ≤ M, n ∈ N, x ∈ E.

Qrhsimopoi¸ntac tic (5.10), (5.11) kai to L mma 5.3.1 brÐskoume ìti gia
N < m < n kai x ∈ E,
∣∣∣∣∣

n∑

k=m

fk(x)gk(x)

∣∣∣∣∣ =

∣∣∣∣∣
n−1∑

k=m

sk(x)(gk(x)− gk+1(x)) + sn(x)gn(x)− sm−1(x)gm(x)

∣∣∣∣∣

≤
n−1∑

k=m

|sk(x)|(gk(x)− gk+1(x)) + |sn(x)|gn(x) + |sm−1(x)|gm(x)

≤ M

(
n−1∑

k=m

(gk(x)− gk+1(x)) + gn(x) + gm(x)

)

= 2Mgm(x) ≤ 2M
ε

2M
= ε.

Apì to krit rio toÔ Cauchy gia omoiìmorfh sÔgklish (Je¸rhma 1.4.3) prokÔptei
ìti h seir� sunart sewn

∑
n fngn sugklÐnei omoiìmorfa sto E. ¤

Ta krit ria twn Abel kai Dirichlet efarmìzontai se seirèc sunart sewn
thc morf c

∑
n fngn. Fusik�, k�je seir� sunart sewn

∑
n Fn mporeÐ na

grafeÐ me polloÔc trìpouc sthn parap�nw morf . Gia na efarmìsoume loipìn
ta krit ria me epituqÐa, prèpei na k�noume thn kat�llhlh paragontopoÐhsh
Fn = fngn. Ja doÔme t¸ra merik� paradeÐgmata efarmog c twn krithrÐwn.

Par�deigma 5.3.4 JewroÔme th seir� sunart sewn

∞∑

n=1

(−1)n

n2x + n
, x ∈ [0,∞).

Gia a > 0, isqÔei
∣∣∣∣

(−1)n

n2x + n

∣∣∣∣ ≤
1

an2
, ∀x ∈ [a,∞), ∀n ∈ N.

'Etsi to krit rio toÔ Weierstrass dÐnei ìti h seir� sugklÐnei omoiìmorfa sto
[a,∞). Epeid  to a eÐnai tuqaÐoc jetikìc arijmìc sumperaÐnoume ìti h seir�
sugklÐnei shmeiak� sto (0,∞). H seir� sugklÐnei kai gia x = 0.
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Ja doÔme t¸ra me qr sh toÔ krithrÐou toÔ Abel ìti h seir� sugklÐnei
omoiìmorfa sto [0,∞). Jètoume

fn(x) =
(−1)n

n
, gn(x) =

1
nx + 1

, x ∈ [0,∞), n ∈ N.

H seir� arijm¸n
∑∞

n=1
(−1)n

n sugklÐnei. 'Ara h seir� twn stajer¸n sunart -
sewn

∑
n fn sugklÐnei omoiìmorfa sto [0,∞). EpÐshc h {gn} eÐnai fjÐ-

nousa kai omoiìmorfa fragmènh akoloujÐa sunart sewn sto [0,∞). 'Etsi to
krit rio toÔ Abel efarmìzetai kai dÐnei thn omoiìmorfh sÔgklish thc arqik c
seir�c sto [0,∞).

MporoÔme na deÐxoume thn omoiìmorfh sÔgklish thc seir�c kai me qr sh
tou krithrÐou toÔ Dirichlet jètontac φn(x) = (−1)n kai ψn(x) = 1/(n2x+n).

Jètoume

h(x) =
∞∑

n=1

(−1)n

n2x + n
, x ∈ [0,∞).

Lìgw thc omoiìmorfhc sÔgklishc h sun�rthsh h eÐnai suneq c sto [0,∞).
'Ara

lim
x→0+

∞∑

n=0

(−1)n

n2x + n
= lim

x→0+
h(x) = h(0) =

∞∑

n=0

(−1)n

n
.

Par�deigma 5.3.5 'Estw {bn} mia fjÐnousa akoloujÐa pragmatik¸n ari-
jm¸n me lim bn = 0. JewroÔme thn seir� sunart sewn

∞∑

n=0

bnxn, x ∈ [−1, 1− δ],

ìpou 0 < δ < 2. ParathroÔme ìti gia n ≥ 0 kai x ∈ [−1, 1− δ], isqÔei
∣∣∣∣∣

n∑

k=0

xk

∣∣∣∣∣ =
∣∣∣∣
xn+1 − 1

x− 1

∣∣∣∣ ≤
2

|x− 1| ≤
2
δ
.

'Etsi apì to krit rio toÔ Dirichlet sumperaÐnoume ìti h seir� sugklÐnei omoiì-
morfa sto [−1, 1− δ].

Par�deigma 5.3.6 'Estw {bn} mia fjÐnousa akoloujÐa pragmatik¸n ari-
jm¸n me lim bn = 0. JewroÔme thn seir� sunart sewn

∞∑

n=1

bn cos(nx), x ∈ [δ, 2π − δ],
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ìpou 0 < δ < π. Me qr sh thc tautìthtac

2 cos(kx) sin
x

2
= sin

(
kx +

x

2

)
− sin

(
kx− x

2

)

apodeiknÔetai eÔkola ìti gia x ∈ (0, 2π),

cosx + cos(2x) + · · ·+ cos(nx) =
sin(nx + x/2)− sin(x/2)

2 sin(x/2)
.

Epomènwc gia x ∈ [δ, 2π − δ],

| cosx + cos(2x) + · · ·+ cos(nx)| ≤ 1
sin(x/2)

≤ 1
sin(δ/2)

.

'Etsi apì to krit rio toÔ Dirichlet sumperaÐnoume ìti h seir� sugklÐnei omoiì-
morfa sto [δ, 2π − δ].

Par�deigma 5.3.7 EÐnai gnwsto apì to Logismì ìti

(5.12)
∞∑

n=1

xn

n
= − log(1− x), x ∈ (−1, 1).

Apì to Par�deigma 5.3.5, h parap�nw seir� sugklÐnei omoiìmorfa sto [−1, 1−
δ] gia k�je δ ∈ (0, 2). Epomènwc orÐzei mia suneq  sun�rthsh sto [−1, 1).
Lìgw sunèqeiac, h isìthta (5.12) isqÔei gia k�je x ∈ [−1, 1). Gia x = −1
prokÔptei h isìthta

(5.13)
∞∑

n=1

(−1)n−1

n
= log 2.

Par�deigma 5.3.8 (Oriakì je¸rhma toÔ Abel) 'Estw {an}∞n=0 mia akolou-
jÐa tètoia ¸ste h seir�

∑∞
n=0 an sugklÐnei. Apì to krit rio toÔ Abel prokÔptei

ìti h seir�
∞∑

n=0

anxn

sugklÐnei omoiìmorfa sto [0, 1] kai ètsi orÐzei mi� suneq  sun�rthsh f :
[0, 1] → R. 'Ara

lim
x→1−

∞∑

n=0

anxn = lim
x→1−

f(x) = f(1) =
∞∑

n=0

an.
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Parat rhsh 5.3.9 Diatup¸same ta krit ria twn Abel kai Dirichlet gia
akoloujÐec sunart sewn {fn} kai {gn}. H eidik  perÐptwsh mÐa   kai oi dÔo
apì tic akoloujÐec na eÐnai akoloujÐec arijm¸n eÐnai shmantik ; ta krit ria
efarmìzontai loipìn kai gia seirèc tic morf c

∑
n anfn  

∑
n anbn, ìpou

an, bn ∈ R.

Par�deigma 5.3.10 To krit rio gi� enall�ssousec seirèc (Je¸rhma 2.2.13)
prokÔptei �mesa apì to krit rio toÔ Dirichlet.

5.4 Dunamoseirèc

Oi dunamoseirèc eÐnai mi� shmantik  kathgorÐa seir¸n sunart sewn.

Orismìc 5.4.1 An {ak}∞k=0 eÐnai mi� akoloujÐa pragmatik¸n arijm¸n kai
xo ∈ R, h seir� sunart sewn

∑∞
k=0 ak(x − xo)k onom�zetai dunamoseir� me

kèntro xo kai suntelestèc ak.

Je¸rhma 5.4.2 DÐnetai mi� akoloujÐa pragmatik¸n arijm¸n {ak}∞k=0 kai
èna xo ∈ R. Jètoume

R =
(

lim sup
k→∞

k
√
|ak|

)−1

.

(a) H dunamoseir�
∑∞

k=0 ak(x − xo)k sugklÐnei shmeiak� kai apolÔtwc sto
(xo −R, xo + R).
(b) An x /∈ [xo −R, xo + R], h seir�

∑∞
k=0 ak(x− xo)k den sugklÐnei.

(g) H dunamoseir�
∑∞

k=0 ak(x − xo)k sugklÐnei omoiìmorfa se k�je kleistì
di�sthma [a, b] me [a, b] ⊂ (xo −R, xo + R).

Apìdeixh.
(a) Efarmìzoume to krit rio thc rÐzac: An |x− xo| < R, tìte

lim sup
k→∞

k

√
|ak(x− xo)k| = |x− xo| lim sup

k→∞
k
√
|ak| = |x− xo|

R
< 1.

(b) An |x− xo| > R, tìte ìpwc sto (a),

lim sup
k→∞

k

√
|ak(x− xo)k| = |x− xo|

R
> 1.
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(g) An x ∈ [a, b], tìte |x − xo| ≤ max{|a|, |b|} < R. Dialègoume r me
max{|a|, |b|} < r < R. Tìte

1
r

>
1
R

= lim sup
k→∞

k
√
|ak|.

'Ara up�rqei no ∈ N tètoioc ¸ste

k
√
|ak| ≤ 1

r
, ∀k ≥ no.

Epomènwc

|ak(x− xo|k| ≤ |x− xo|k
rk

≤
(

max{|a|, |b|}
r

)k

, ∀k ≥ no.

Epeid  max{|a|, |b|} < r, h gewmetrik  seir�
∑∞

k=0

(
max{|a|,|b|}

r

)k
sugklÐnei.

'Ara apì to krit rio toÔ Weierstrass h dunamoseir�
∑∞

k=1 ak(x− xo)k sugk-
lÐnei omoiìmorfa sto [a, b]. ¤

Orismìc 5.4.3 O arijmìc

R =
(

lim sup
k→∞

k
√
|ak|

)−1

.

onom�zetai aktÐna sÔgklishc thc dunamoseir�c
∑∞

k=0 ak(x−xo)k kai to di�sth-
ma (−R,R) onom�zetai di�sthma sÔgklishc thc dunamoseir�c.

Lìgw tou Jewr matoc 5.4.2, k�je dunamoseir� orÐzei mi� sun�rthsh sto
di�sthma sÔgklis c thc.

5.5 ∗Mi� suneq c, poujen� paragwgÐsimh sun�rthsh

Ja apodeÐxoume ìti up�rqei suneq c sun�rthsh f : R → R pou den eÐnai
paragwgÐsimh se kanèna shmeÐo toÔ R. O pr¸toc pou kataskeÔase tètoia
sun�rthsh  tan o Weierstrass.

Je¸rhma 5.5.1 Up�rqei sun�rthsh f : R → R pou eÐnai suneq c sto R
all� den eÐnai paragwgÐsimh se kanèna shmeÐo toÔ R.
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Apìdeixh.
JewroÔme th sun�rthsh

(5.14) φ(x) = |x|, x ∈ [−1, 1].

EpekteÐnoume th φ sto R jètontac

(5.15) φ(x + 2) = φ(x), x ∈ R.

'Etsi èqoume orÐsei mi� suneq  periodik  sun�rthsh φ : R→ R me perÐodo 2.
Gia th φ isqÔei

(5.16) |φ(x)− φ(y)| ≤ |x− y|, ∀x, y ∈ R.

OrÐzoume

(5.17) f(x) =
∞∑

n=0

(
3
4

)n

φ(4nx), x ∈ R.

Lìgw toÔ Jewr matoc 5.2.1, h parap�nw seir� sunart sewn sugklÐnei omoiì-
morfa sto R kai epìmènwc h f eÐnai kal� orismènh kai suneq c sto R.

'Estw x ∈ R. Ja deÐxoume t¸ra ìti h f den eÐnai paragwgÐsimh sto x.
ArkeÐ na broÔme mi� akoloujÐa δm → 0 tètoia ¸ste h akoloujÐa

f(x + δm)− f(x)
δm

na m  sugklÐnei, ìtan m →∞.
JewroÔme thn akoloujÐa

(5.18) δm = ±1
2

1
4m

, m ∈ N,

ìpou to prìshmo epilègetai ètsi ¸ste kanènac akèraioc na mhn eÐnai an�mesa
sto 4mx kai sto 4m(x+δm). Autì mporoÔme na to petÔqoume diìti 4m|δm| =
1
2 .

OrÐzoume

(5.19) sn,m =
φ(4n(x + δm))− φ(4nx)

δm

kai parathroÔme ìti
(a) sn,m = 0 ìtan n > m (o 4mδm eÐnai �rtioc akèraioc se aut  thn
perÐptwsh),
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(b) |sn,m| ≤ 4n ìtan n = 0, 1, . . . ,m (lìgw thc (5.16) ),
(g) |sm,m| = 4m gia k�je m ∈ N.

Telik� loipìn èqoume
∣∣∣∣
f(x + δm)− f(x)

δm

∣∣∣∣ =

∣∣∣∣∣
m∑

n=0

(
3
4

)n

sn,m

∣∣∣∣∣ ≥ 3m −
m−1∑

n=0

3n =
1
2
(3m + 1).

¤

5.6 ∗ Mi� qwroplhrwtik  kampÔlh

Mi� suneq c sun�rthsh F : [a, b] → R2 onom�zetai epÐpedh kampÔlh. An
F ([a, b]) = [0, 1] × [0, 1], dhlad  an h kampÔlh gemÐzei to tetr�gwno Q :=
[0, 1] × [0, 1], tìte eÐnai qwroplhrwtik  kampÔlh. Ja kataskeu�soume mia
tètoia kampÔlh.

OrÐzoume sun�rthsh φ : [0, 2] → R jètontac

φ(t) =





0, t ∈ [0, 1
3 ] ∪ [53 , 2],

3t− 1, t ∈ [13 , 2
3 ],

1, t ∈ [23 , 4
3 ],

−3t + 5, t ∈ [43 , 5
3 ].

EpekteÐnoume th φ sto R jètontac

φ(t + 2) = φ(t).

H φ eÐnai suneq c sto R, periodik  me perÐodo 2, èqei mègisto 1 kai el�qisto
0. Sqedi�ste th grafik  thc par�stash.

JewroÔme tic sunart seic

x(t) =
∞∑

n=1

φ(32n−2t)
2n

, y(t) =
∞∑

n=1

φ(32n−1t)
2n

Apì to krit rio toÔ Weierstrass oi parp�nw seirèc sunart sewn sugklÐnoun
omoiìmorfa sto R. 'Ara oi sunart seic x, y eÐnai suneqeÐc sto R. Jew-
roÔme thn kampÔlh F : [0, 1] → R2 me F (t) = (x(t), y(t)). Ja deÐxoume ìti
F ([0, 1]) = Q. EÐnai fanerì ìti F ([0, 1] ⊂ Q. Antistrìfwc, èstw (a, b) ∈ Q.
JewroÔme tic mh termatizìmenec duadikèc parast�seic twn a, b:

a = 0.2a1a2 . . . , b = 0.2b1b2 . . .
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me aj , bj ∈ {0, 1}. JewroÔme ton arijmì c me triadik  par�stash

c = 0.3(2c1)(2c2) . . . ,

ìpou c2n−1 = an kai c2n = bn, n = 1, 2, . . . . Dhlad 

c = 0.3(2a1)(2b1)(2a2)(2b2) . . .

Epeid  3
∑∞

n=1 3−n = 1, isqÔei c ∈ [0, 1]. Ja deÐxoume t¸ra ìti

(5.20) φ(3kc) = ck+1, k = 0, 1, 2, . . .

IsqÔei

3k c = 3k 0.3(2c1)(2c2) · · · = 3k
∞∑

n=1

2cn

3n
= 2

k∑

n=1

cn

3n−k
+ 2

∞∑

n=k+1

cn

3n−k

= (�rtioc arijmìc) + dk,

ìpou

dk = 2
∞∑

n=k+1

cn

3n−k
= 2

∞∑

n=1

cn+k

3n
.

Epeid  h φ èqei perÐodo 2, isqÔei φ(3k c) = φ(dk). DiakrÐnoume dÔo peript¸-
seic:
(a) An ck+1 = 0, tìte 0 ≤ dk ≤ 2

∑∞
n=2 3−n = 1

3 . Apì to orismì t c φ èpetai
ìti φ(dk) = 0 = ck+1 kai h (5.20) apodeÐqjhke se aut  thn perÐptwsh.
(b) An ck+1 = 1, tìte 2

3 ≤ dk ≤ 1. 'Ara φ(dk) = 1 = ck+1.
'Etsi loipìn apodeÐxame thn (5.20) h opoÐa t¸ra dÐnei �mesa ìti

φ(32n−2c) = c2n−1 = an kai φ(32n−1c) = c2n = bn.

'Ara x(c) = a kai y(c) = b, dhlad  F (c) = (a, b). Epomènwc h kampÔlh F
eÐnai qwroplhrwtik .

5.7 Ask seic
5.7.1 BreÐte to megalÔtero sÔnolo sto opoÐo oi parak�tw seirèc sunart sewn
sugklÐnoun shmeiak�.

∞∑
n=1

1
1 + xn

,

∞∑
n=1

xn

1 + xn
,

∞∑
n=1

2n + xn

1 + 3nxn
,

∞∑
n=1

xn−1

(1− xn)(1− xn+1)
,

∞∑
n=1

x2n−1

1− x2n ,

∞∑
n=2

(
log n

n

)x

,

∞∑
n=1

xlog n,

∞∑
n=0

sin2(2π
√

n2 + x2).
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5.7.2 Melet ste tic parak�tw seirèc sunart sewn wc proc thn omoiìmorfh sÔgk-
lish sto sÔnolo A.

(a)
∞∑

n=1

(π

2
− arctan(n2(1 + x2))

)
, A = R,

(b)
∞∑

n=1

log(1 + nx)
nxn

, A = [2,∞),

(c)
∞∑

n=1

n2x2e−n2|x|, A = R,

(d)
∞∑

n=1

x2(1− x2)n−1, A = [−1, 1],

(e)
∞∑

n=1

n2

√
n!

(xn + x−n), A = {x ∈ R : 1/2 ≤ |x| ≤ 2},

(f)
∞∑

n=1

2n sin
1

3nx
, A = (0,∞),

(g)
∞∑

n=2

log
(

1 +
x2

n log2 n

)
, A = (−a, a), a > 0.

5.7.3 DeÐxte ìti h seir� sunart sewn

∞∑
n=1

x

((n− 1)x + 1)(nx + 1)

sugklÐnei shmeiak� sto [0,∞) kai breÐte th sun�rthsh-ìrio.

5.7.4 Exet�ste th sÔgklish (apìluth, shmeiak , kai omoiìmorfh) twn parak�tw
seir¸n sunart sewn kai melet ste th sunèqeia twn sunart sewn stic opoÐec sugk-
lÐnoun.

∞∑
n=0

xn sin(nx)
n!

,

∞∑
n=0

xn2
,

∞∑
n=1

n2nxn,

∞∑
n=1

logn(x + 1),
∞∑

n=1

|x|
√

n.

5.7.5 DeÐxte ìti h seir� sunart sewn

∞∑
n=1

x sin(n2x)
n2

sugklÐnei shmeiak� sto R proc mi� suneq  sun�rthsh.

120



5.7.6 Upojètoume ìti h seir� sunart sewn
∑∞

n=1 fn sugklÐnei omoiìmorfa sto
sÔnolo A ⊂ R kai ìti h sun�rthsh g : A → R eÐnai fragmènh.
(a) DeÐxte ìti h seir� sunart sewn

∑∞
n=1 gfn sugklÐnei omoiìmorfa sto A.

(b) DeÐxte me antipar�deigma ìti h upìjesh pwc h g eÐnai fragmènh eÐnai aparaÐthth
gia to (a).
(g) Ti prèpei na upojèsoume gia th sun�rthsh h ¸ste h ooiìmorfh sÔgklish thc
seir�c

∑∞
n=1 hfn na sunep�getai thn omoiìmorfh sÔgklish t c seir�c

∑∞
n=1 fn sto

A?

5.7.7 DeÐxte ìti an h
∑∞

n=1 f2
n sugklÐnei shmeiak� sto A proc mi� fragmènh

sun�rthsh kai
∑∞

n=1 c2
n < ∞, tìte h seir� sunart sewn

∑∞
n=1 cnfn sugklÐnei o-

moiìmorfa sto A.
Upìdeixh: Cauchy-Schwarz.

5.7.8 JewroÔme th seir� sunart sewn

∞∑
n=1

2n(3x− 1)n

n
.

BreÐte to megalÔtero sÔnolo sto opoÐo aut  sugklÐnei apolÔtwc kai to megalÔtero
sÔnolo sto opoÐo sugklÐnei shmeiak�. DeÐxte ìti sugklÐnei omoiìmorfa sto di�sthma
[1/6, 1/3].

5.7.9 JewroÔme th seir� sunart sewn

∞∑
n=1

1
n

(
x + 1

x

)n

.

BreÐte to megalÔtero sÔnolo sto opoÐo aut  sugklÐnei apolÔtwc kai to megalÔtero
sÔnolo sto opoÐo sugklÐnei shmeiak�. DeÐxte ìti sugklÐnei omoiìmorfa sto di�sthma
[−2,−1].

5.7.10 (a) Upojètoume ìti oi sunart seic fn : [0, 1] → (0,∞), n ∈ N eÐnai ìlec
suneqeÐc kai ìti h seir� sunart sewn

∑∞
n=1 fn sugklÐnei omoiìmorfa sto [0, 1).

DeÐxte ìti h seir� arijm¸n
∑∞

n=1 fn(1) eÐnai sugklÐnousa.
(b) BreÐte to megalÔtero sÔnolo A sto opoÐo h seir�

∑∞
n=1 e−nx cos(nx) sugklÐnei

shmeiak�. EÐnai h sÔgklish omoiìmorfh sto A?

5.7.11 (a) Diatup¸ste kai apodeÐxte to an�logo tou krithrÐou tou Dini (Je¸rhma
4.4.4) gia seirèc sunart sewn.
(b) Upojètoume ìti oi sunart seic fn : [a, b] → (0,∞), n ∈ N eÐnai ìlec suneqeÐc kai
ìti h seir� sunart sewn

∑∞
n=1 fn sugklÐnei shmeiak� proc mi� suneq  sun�rthsh

sto [a, b]. DeÐxte ìti h sÔgklish eÐnai omoiìmorfh sto [a, b].
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5.7.12 DÐnetai h seir� sunart sewn

∞∑
n=1

1
1 + n2x2

.

BreÐte ta sÔnola sta opoÐa sugklÐnei shmeiak� kai omoiìmorfa. Exet�ste an h
sun�rthsh-ìrio eÐnai suneq c kai fragmènh.

5.7.13 DeÐxte ìti h seir� sunart sewn

∞∑
n=1

(−1)n x2 + n

n2

sugklÐnei omoiìmorfa se k�je kleistì di�sthma.

5.7.14 An oi seirèc
∑∞

n=1 an kai
∑∞

n=1 bn sugklÐnoun apolÔtwc, deÐxte ìti h seir�
sunart sewn

∞∑
n=1

(an cosnx + bn sin nx)

sugklÐnei omoiìmorfa sto R.

5.7.15 Exet�ste th sÔgklish thc seir�c

∞∑
n=1

2x

1 + n3x2
.

5.7.16 ApodeÐxte ìti an α > 1
2 , h seir�

∞∑
n=1

x

nα(1 + nx2)

sugklÐnei omoiìmorfa se k�je di�sthma [a, b]. EÐnai h sÔgklish omoiìmorfh sto R?

5.7.17 (a) Gia poi� x h seir�
∑∞

n=1 ne−nx sugklÐnei? Se poi� diast mata eÐnai h
sÔgklish omoiìmorfh?
(b) DeÐxte ìti ∫ 2

1

∞∑
n=1

ne−nx dx =
e

e2 − 1
.

5.7.18? OrÐzoume th suneq  sun�rthsh f1 : [0, 1] → [0, 1] wc ex c: Jètoume
f1(0) = 0, f1(1/3) = 1/2 = f(2/3), f1(1) = 1 kai sth sunèqeia epekteÐnoume
grammik� sta diast mata [0, 1/3], [1/3, 2/3], [2/3, 1].
OrÐzoume th suneq  sun�rthsh f2 : [0, 1] → [0, 1] wc ex c: Jètoume f2(x) = f1(x)
gia x = 0, 1/3, 2/3, 1 kai f2(1/9) = 1/4 = f2(2/9), f2(7/9) = 3/4 = f(8/9) kai
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sth sunèqeia epekteÐnoume grammik� sta diast mata [0, 1/9], [1/9, 2/9], [2/9, 1/3],
[1/3, 2/3], [2/3, 7/9], [7/9, 8/9], [8/9, 1].
SuneqÐzontac aut  th diadikasÐa kataskeu�zoume mÐa akoloujÐa sunart sewn {fn}.
(a) DeÐxte ìti

‖fn+1 − fn‖∞ ≤ 1
2n+1

.

(b) DeÐxte ìti h seir� sunart sewn

f1 +
∞∑

n=1

(fn+1 − fn)

sugklÐnei omoiìmorfa sto [0, 1] proc th sun�rthsh toÔ Cantor.

5.7.19 DeÐxte ìti h seir� sunart sewn

∞∑
n=1

(−1)n

nx

sugklÐnei omoiìmorfa sto [a,∞) gia k�je a > 0. DeÐxte epÐshc ìti h parap�nw
seir� sugklÐnei shmeiak� all� ìqi omoiìmorfa sto (0,∞).

5.7.20 DÐnetai akoloujÐa {an} tètoia ¸ste h seir�
∑

n an sugklÐnei. DeÐxte ìti
h seir� sunart sewn

∞∑
n=1

an

nx

sugklÐnei omoiìmorfa sto [0,∞). DeÐxte epÐshc ìti

lim
x→0+

∞∑
n=1

an

nx
=

∞∑
n=1

an.

5.7.21 'Exet�ste th sÔgklish thc seir�c sunart sewn

∞∑
n=1

(−1)n

nenx
, x ∈ [0, 1].

5.7.22 DeÐxte ìti oi parak�tw seirèc sunart sewn sugklÐnoun omoiìmorfa sto
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sÔnolo A.

(a)
∞∑

n=1

(−1)n+1 xn

n
, A = [0, 1],

(b)
∞∑

n=1

sin(nx)
n

, A = [δ, 2π − δ], 0 < δ < π,

(c)
∞∑

n=1

sin(n2x) sin(nx)
n + x2

, A = R,

(d)
∞∑

n=1

(−1)n+1 e−nx

√
n + x2

, A = [0,∞),

(e)
∞∑

n=1

(−1)n+1

n + x2
arctan(nx), A = R,

(f)
∞∑

n=2

(−1)n+1 cos(x/n)√
n + cos x

, A = [−a, a], a > 0,

(g)
∞∑

n=1

(−1)[
√

n]

√
n(n + x)

, A = [0,∞).

5.7.23 Upojètoume ìti oi sunart seic fn, n ∈ N eÐnai ìlec suneqeÐc sto sÔnolo
A kai ìti h seir�

∑∞
n=1 fn sugklÐnei omoiìmorfa sto A. DeÐxte ìti an to xo ∈ A

eÐnai shmeÐo suss¸reushc toÔ A, tìte

lim
x→xo

∞∑
n=1

fn(x) =
∞∑

n=1

fn(xo).

5.7.24 Efarmìste thn prohgoÔmenh �skhsh gia na apodeÐxete tic parak�tw isìtht-
ec:

(a) lim
x→1−

∞∑
n=1

(−1)n+1

n
xn = log 2,

(b) lim
x→1

∞∑
n=1

(−1)n+1

nx
= log 2,

(c) lim
x→1−

∞∑
n=1

(xn − xn+1) = 1,

(d) lim
x→0+

∞∑
n=1

1
2nnx

= 1,

(e) lim
x→∞

∞∑
n=1

x2

1 + n2x2
=

π2

6
.
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5.7.25? DÐnontai akoloujÐec sunart sewn {fn} kai {gn} orismènec sto sÔnolo
E ⊂ R. OrÐzoume sn = f1 + · · ·+ fn. Upojètoume ìti:
(a) H {sn} eÐnai omoiìmorfa fragmènh sto E.
(b) H

∑
n |gn − gn+1| sugklÐnei omoiìmorfa sto E.

(g) H {gn} sugklÐnei omoiìmorfa sto E proc th mhdenik  sun�rthsh.
DeÐxte ìti h

∑
n fngn sugklÐnei omoiìmorfa sto E.

5.7.26? DÐnetai fjÐnousa akoloujÐa {bn}∞n=0 ⊂ [0,∞) tètoia ¸ste
∑

n bn = ∞.
DeÐxte ìti oi seirèc

∞∑
n=0

bn cos(nθ) kai
∞∑

n=0

bn sin(nθ)

sugklÐnoun all� den sugklÐnoun apolÔtwc gia k�je θ 6= kπ, (k ∈ Z).
Upìdeixh: An

∑
n bn| cos(nθ)| < ∞, tìte

1
2

∑
n

bn(1 + cos(2nθ)) =
∑

n

bn cos2(nθ) < ∞.

5.7.27 DeÐxte ìti an h seir�
∑∞

n=1 an apoklÐnei, tìte kai h seir�
∑∞

n=1 nan apok-
lÐnei.

5.7.28 DeÐxte ìti
∞∑

n=2

log(n + 1)− log n

(log n)2
< ∞.

5.7.29? BreÐte akoloujÐa sunart sewn fn sto [0, 1] tètoia ¸ste h seir�
∑∞

n=1 fn

na sugklÐnei apìluta kai omoiìmorfa sto [0, 1] all� h seir�
∑∞

n=1 |fn| na m n sug-
klÐnei omoiìmorfa sto [0, 1].

5.7.30? Upojètoume ìti:
(a) Oi sunart seic fn, n ∈ N eÐnai ìlec monìtonec sto [a, b].
(b) Oi seirèc

∑∞
n=1 |fn(a)| kai ∑∞

n=1 |fn(b)| sugklÐnoun.
DeÐxte ìti h seir� sunart sewn

∑∞
n=1 fn sugklÐnei apìluta kai omoiìmorfa sto

[a, b].

5.7.31 DeÐxte ìti h sun�rthsh f(x) =
∑∞

n=1
1

n2+x2 eÐnai paragwgÐsimh sto R.

5.7.32 DeÐxte ìti h sun�rthsh f(x) =
∑∞

n=1
cos(nx)
n2+1 eÐnai paragwgÐsimh sto [π/6, 11π/6].

5.7.33 DeÐxte ìti h sun�rthsh f(x) =
∑∞

n=1
sin(nx2)

n3+1 èqei suneq  par�gwgo sto
R.

5.7.34 DeÐxte ìti h sun�rthsh f(x) =
∑∞

n=1

√
n(tan x)n èqei suneq  par�gwgo

sto (−π/4, π/4).
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5.7.35 DeÐxte ìti h sun�rthsh z ta toÔ Riemann

ζ(x) =
∞∑

n=1

1
nx

eÐnai �peirec forèc paragwgÐsimh sto (1,∞).

5.7.36 BreÐte to megalÔtero sÔnolo sto opoÐo oi parak�tw seirèc sunart sewn
sugklÐnoun shmeiak�.

∞∑
n=1

n3xn,

∞∑
n=1

2n

n!
xn,

∞∑
n=1

2n

n2
xn,

∞∑
n=1

(2+(−1)n)nxn,

∞∑
n=1

2nxn2
,

∞∑
n=1

2n2
xn!,

∞∑
n=1

(x− 1)2n

2nn3
,

∞∑
n=1

n

n + 1

(
2x + 1

x

)n

,

∞∑
n=1

n4n

3n
xn(1−x)n,

∞∑
n=1

(n!)2

(2n)!
(x−1)n,

∞∑
n=1

√
n(tanx)n,

∞∑
n=1

(
arctan

1
x

)n2

.

5.7.37 DÐnetai mi� dunamoseir�
∑∞

k=0 ak(x − xo)k me aktÐna sÔgklishc R > 0.
JewroÔme th sun�rthsh

f(x) =
∞∑

k=0

ak(x− xo)k, x ∈ (xo −R, xo + R).

(a) DeÐxte ìti h f eÐnai suneq c sto (xo −R, xo + R).
(b) DeÐxte ìti h f eÐnai paragwgÐsimh sto (xo−R, xo +R) kai m�lista h par�gwgìc
thc upologÐzetai me parag¸gish thc dunamoseir�c ìro proc ìro, dhlad 

f ′(x) =
∞∑

k=1

kak(x− xo)k−1, x ∈ (xo −R, xo + R).

(g) An [a, b] ⊂ (xo−R, xo +R), deÐxte ìti h f eÐnai oloklhr¸simh kata Riemann sto
[a, b] kai m�lista to olokl rwm� thc upologÐzetai me olokl rwsh thc dunamoseir�c
ìro proc ìro, dhlad 

∫ b

a

f =
∞∑

k=0

ak

k + 1
(
(b− xo)k+1 − (a− xo)k+1

)
.

5.7.38 DÐnetai mi� dunamoseir� f(x) :=
∑∞

k=0 ak(x − xo)k me aktÐna sÔgklishc
R > 0. DeÐxte ìti gia k�je k ∈ N, isqÔei f (k)(xo) = k!ak.
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5.7.39 Oi dunamoseirèc
∑∞

n=1 anxn,
∑∞

n=1 bnxn èqoun aktÐnec sÔgklishc R1, R2,
antÐstoiqa.
(a) DeÐxte ìti an R1 6= R2, tìte h dunamoseir�

∑∞
n=1(an + bn)xn èqei aktÐna

sÔgklishc R3 = min{R1, R2}. Ti sumbaÐnei an R1 = R2?
(b) DeÐxte ìti h dunamoseir�

∑∞
n=1(anbn)xn èqei aktÐna sÔgklishc R4 ≥ R1R2.

DeÐxte me par�deigma ìti h anisìthta mporeÐ na eÐnai austhr .

5.7.40 H dunamoseir�
∑∞

n=1 anxn èqei aktÐna sÔgklishc R me 0 < R < ∞. Up-
ologÐste thn aktÐna sÔgklishc twn parak�tw dunamoseir¸n.

∞∑
n=1

2nanxn,

∞∑
n=1

nnanxn,

∞∑
n=1

nn

n!
xn,

∞∑
n=1

a2
nxn.

5.7.41 DeÐxte ìti an mi� dunamoseir� sugklÐnei omoiìmorfa sto R, tìte eÐnai
polu¸numo.
Upìdeixh: 'Askhsh 4.8.20.

5.7.42 BreÐte thn aktÐna sÔgklishc R thc dunamoseir�c

∞∑
n=1

x2n+1

(2n + 1)!!

kai deÐxte ìti to �jroism� thc f ikanopoieÐ thn exÐswsh f ′(x) = 1 + xf(x), x ∈
(−R,R).

5.7.43 DeÐxte ìti h dunamoseir�

∞∑
n=1

x3n

(3n)!

sugklÐnei shmeiak� sto R kai ìti to �jroism� thc f ikanopoieÐ thn exÐswsh f ′′(x)+
f ′(x) + f(x) = ex, x ∈ R.

5.8 Shmei¸seic
To krit rio toÔ Weierstrass gia th sÔgklish seir¸n anafèretai suqn� wc Weier-
strass M-test. DÐnei ektìc thc omoiìmorfhc kai apìluth sÔgklish thc seir�c. Gia
seirèc sunart sewn pou den sugklÐnoun apolÔtwc qrhsimopoioÔntai sun jwc ta
krit ria twn Abel kai Dirichlet. Ta krit ria aut� ofeÐlontai kurÐwc ston idiofu 
Norbhgì majhmatikì N.Abel. O tÔpoc thc �jroishc kat� mèrh anakalÔfjhke apì
ton Abel to 1826. Gia thn parousÐash twn krithrÐwn twn Abel kai Dirichlet kai tic
efarmogèc touc qrhsimopoi same kurÐwc ta biblÐa [5] kai [10]. Sta [1], [10] up�rqoun
perissìtera gia th jewrÐa twn dunamoseir¸n.
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Oi trigwnometrikèc seirèc eÐnai oi seirèc sunart sewn thc morf c

∞∑

k=1

(ak cos kx + bk sin kx),

ìpou ak, bk ∈ R, k ∈ N. H melèth aut¸n twn seir¸n apoteleÐ mèroc enìc eurÔtatou
kai shmantikoÔ kl�dou thc an�lushc pou onom�zetai An�lush Fourier. Gia mi�
eisagwg  sthn An�lush Fourier parapèmpoume sta biblÐa [1], [5] kai [6].

To pr¸to par�deigma poujen� paragwgÐsimhc, suneqoÔc sun�rthshc dhmosieÔthke
apì ton Weierstrass. Istorik  episkìphsh tètoiou eÐdouc paradeigm�twn up�rqei sto
biblÐo [E.W.Hobson, The Theory of Functions of a Real Variable, 2 vols., Cambridge
Univ. Press, 1927] kai sto �rjro [G.H.Hardy, Weierstrass’ non-differentiable func-
tion, Trans. Amer. Math. Soc. 17 (1916), 301-325].

O pr¸toc pou kataskeÔase mia qwroplhrwtik  kampÔlh  tan o G.Peano to
1890. To par�deigma pou parajètoume eÐnai toÔ I.J.Schoenberg, [The Peano curve of
Lebesgue, Bull. Amer. Math. Soc. 44 (1938), 519], ] o opoÐoc tropopoÐhse èna pro-
hgoÔmeno par�deigma toÔ H.Lebesgue. 'Alla paradeÐgmata qwroplhrwtik¸n kam-
pul¸n, kaj¸c kai sqetikèc kataskeuèc up�rqoun sta akìlouja �rjra: [J.Holbrook,
Stochastic independence and space-filling curves, Amer. Math. Monthly 88 (1991),
426-432], [T.Lance and E.Thomas, Arcs with positive measure and a space-filling
curve, Amer. Math. Monthly 98 (1991), 124-127], [E.H.Moore, On certain crinkly
curves, Trans. Amer. Math. Soc. 1 (1900), 72-90, 507], [H.Sagan, Approximat-
ing polygons for Lebesgue’s and Schoenberg’s space filling curves, Amer. Math.
Monthly 93 (1986), 361-368], [H.Sagan, An elementary proof that Schoenberg’s s-
pace filling curve is nowhere differentiable, Math. Magazine 65 (1992), 125-128],
[W.C.Swift, Simple constructions of non-differentiable functions and space-filling
curves, Amer. Math. Monthly 68 (1961), 653-655], [L.Wen, A space-filling curve,
Amer. Math. Monthly 90 (1983), 283], [G.T.Whyborn, What is a curve?, Amer.
Math. Monthly 49 (1942), 493-497].
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Kef�laio 6

O q¸roc twn suneq¸n
sunart sewn

'Estw E èna mh kenì uposÔnolo toÔ R. Me C(E) sumbolÐzoume to sÔnolo
twn suneq¸n sunart sewn f : E → R, en¸ me B(E) sumbolÐzoume to sÔnolo
twn fragmènwn sunart sewn f : E → R. An to E eÐnai sumpagèc, tìte
isqÔei C(E) ⊂ B(E). Gia f ∈ B(E), orÐzoume ‖f‖∞ = sup{|f(x)| : x ∈ E}.
H sun�rthsh ‖ · ‖∞ : B(E) → [0,∞) eÐnai mi� nìrma sto B(E). IdiaÐtero
endiafèron parousi�zei o q¸roc C[a, b], ìpou [a, b] èna kleistì di�sthma.

Sto kef�laio autì melet�me kurÐwc ta ex c erwt mata:
1. 'Estw K sumpagèc uposÔnolo toÔ R. K�tw apì poièc sunj kec mi�
akoloujÐa sunart sewn toÔ C(K) èqei upakoloujÐa pou sugklÐnei omoiìmor-
fa? To er¸thma autì sqetÐzetai me thn ènnoia thc isosunèqeiac pou eis�getai
sthn par�grafo 6.1.
2. EÐnai to sÔnolo twn poluwnÔmwn puknì mèsa sto C[a, b]? Me �lla lìgia:
mporoÔme gia k�je suneq  sun�rthsh f sto [a, b] na broÔme mi� akoloujÐa
poluwnÔmwn pou na sugklÐnei omoiìmorfa proc thn f ? 'Opwc ja doÔme sthn
paragrafo 6.3, h ap�nthsh eÐnai jetik  kai ofeÐletai sto Weierstrass.

Di�forec �llec idiìthtec twn q¸rwn C(E) kai B(E) parousi�zontai stic
ask seic.

6.1 Isosunèqeia. To Je¸rhma Arzelà-Ascoli

K�je fragmènh akoloujÐa pragmatik¸n arijm¸n èqei sugklÐnousa upakolou-
jÐa. IsqÔei k�ti an�logo gia akoloujÐec sunart sewn?
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Par�deigma 6.1.1 'Estw

fn(x) =
x2

x2 + (1− nx)2
, x ∈ [0, 1], n ∈ N.

Tìte |fn(x)| ≤ 1 ki epomènwc h {fn} eÐnai omoiìmorfa fragmènh sto [0, 1].
EpÐshc fn−→σ 0 sto [0, 1]. 'Omwc fn(1/n) = 1, ∀n ∈ N. 'Ara kami� upakolou-
jÐa thc {fn} den sugklÐnei omoiìmorfa sto [0, 1].

To par�deigma autì deÐqnei ìti qrei�zetai k�poia epiplèon upìjesh poÔ
na exasfalÐzei thn Ôparxh omoiìmorfa sugklÐnousac upakoloujÐac.

Orismìc 6.1.2 'Estw F mi� oikogèneia pragmatik¸n sunart sewn. H F

onom�zetai shmeiak� fragmènh sto E ⊂ R an up�rqei sun�rthsh ϕ : E →
R tètoia ¸ste

|f(x)| ≤ ϕ(x), ∀x ∈ E, ∀f ∈ F.

H F onom�zetai omoiìmorfa fragmènh sto E an up�rqei M > 0 tètoio
¸ste

|f(x)| ≤ M, ∀x ∈ E, ∀f ∈ F.

Orismìc 6.1.3 'Estw E èna mh kenì uposÔnolo toÔ R. Mi� oikogèneia
sunart sewn F onom�zetai isosuneq c sto E an gia k�je ε > 0, up�rqei
δ > 0 tètoio ¸ste

(6.1) ∀f ∈ F, ∀x, y ∈ E me |x− y| < δ, isqÔei |f(x)− f(y)| < ε.

Par�deigma 6.1.4 'Estw F = {fn}∞n=1, ìpou fn(x) = xn, x ∈ [0, 1]. Pro-
fan¸c h F eÐnai omoiìmorfa fragmènh sto [0, 1]. H F den eÐnai isosuneq c
sto [0, 1]. Pr�gmati, èstw x ∈ [0, 1). Dialègoume n arkoÔntwc meg�lo ¸ste
xn < 1/2. Tìte |fn(1)− fn(x)| = 1− xn > 1/2, dhlad  den isqÔei h (6.1).

H F eÐnai isosuneq c sto [0, a] gia opoiod pote a me 0 < a < 1. Autì
apodeiknÔetai wc ex c: Gi� x, y ∈ [0, a] kai n ∈ N,

|fn(x)− fn(y)| = |xn − yn|(6.2)
= |x− y| |yn−1 + yn−2x + · · ·+ yxn−2 + xn−1|
≤ |x− y|nan−1.

'Omwc limn→∞ nan−1 = 0. 'Ara up�rqei M > 0 tètoio ¸ste nan−1 ≤
M, ∀n ∈ N. Jètoume δ = ε/M kai h (6.2) sunep�getai ìti an |x − y| < δ,
tìte

|fn(x)− fn(y)| < ε

M
M = ε.
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Par�deigma 6.1.5 Gi� 0 < K < ∞ kai 0 < α ≤ 1, orÐzoume

Lip(K,α) = {f ∈ C[0, 1] : |f(x)− f(y)| ≤ K|x− y|α, ∀x, y ∈ [0, 1]}.
H oikogèneia sunart sewn Lip(K, α) eÐnai isosuneq c, diìti an ε > 0, jètoume
δ = (ε/K)1/α kai tìte gi� |x−y| < δ, isqÔei ∀f ∈ Lip(K,α), |f(x)−f(y)| <
Kδα = ε. H Lip(K, α) den eÐnai oÔte shmeiak�, oÔte omoiìmorfa fragmènh
diìti perièqei ìlec tic stajerèc sunart seic. Epeid  |f(x)| ≤ |f(0)|+K, ∀f ∈
Lip(K, α), ∀x ∈ [0, 1], h upo-oikogèneia sunart sewn

Lipo(K, α) := {f ∈ Lip(K,α) : f(0) = 1}
eÐnai shmeiak� fragmènh sto [0, 1].

Je¸rhma 6.1.6 An E eÐnai èna to polÔ arijm simo sÔnolo kai F eÐnai mi�
oikogèneia pragmatik¸n sunart sewn, shmeiak� fragmènh sto E, tìte k�je
akoloujÐa {fn}∞n=1 ⊂ F èqei upakoloujÐa pou sugklÐnei shmeiak� sto E.
Apìdeixh.
Upojètoume ìti to E eÐnai arijm simo. (H apìdeixh gia peperasmèno E eÐnai
piì eÔkolh). 'Estw ìti E = {x1, x2, . . . }. H akoloujÐa (arijm¸n) {fn(x1)}
eÐnai fragmènh; �ra h {fn} èqei upakoloujÐa {f1,k} tètoia ¸ste h {f1,k(x1)}
eÐnai sugklÐnousa. H {f1,k(x2)} eÐnai fragmènh; �ra h {f1,k} èqei upakolou-
jÐa {f2,k} tètoia ¸ste h {f2,k(x2)} eÐnai sugklÐnousa. SuneqÐzontac aut 
th diadikasÐa kataskeu�zoume arijmhsÐmou pl jouc akoloujÐec sunart sewn
Sn, n = 1, 2, . . . :

S1 : f1,1, f1,2, f1,3, f1,4, . . .

S2 : f2,1, f2,2, f2,3, f2,4, . . .

S3 : f3,1, f3,2, f3,3, f3,4, . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . ..

pou èqoun tic idiìthtec:
(a) H Sn eÐnai upakoloujÐa thc Sn−1, n = 2, 3, . . . .
(b) Gia k�je n ∈ N, h akoloujÐa {fn,k(xn)}∞k=1 eÐnai sugklÐnousa.

JewroÔme t¸ra th diag¸nia akoloujÐa {fn,n}∞n=1. Gia opoiod pote m ∈
N, h akoloujÐa {fn,n}∞n=m eÐnai upakoloujÐa thc Sm; lìgw tou (b), autì
sunep�getai ìti h akoloujÐa {fn,n(xm}∞n=1 eÐnai sugklÐnousa. 'Ara h {fn,n}∞n=1

sugklÐnei shmeiak� sto E. ¤
To je¸rhma poÔ akoloujeÐ eÐnai to shmantikìtero je¸rhma gia thn iso-

sunèqeia. Sundèei thn ènnoia aut  me thn omoiìmorfh sÔgklish. Sthn apìdeix 
tou qrei�zetai to akìloujo topologikì apotèlesma. JumÐzoume pr¸ta ìti èna
uposÔnolo E enìc sunìlou K eÐnai puknì sto K an E = K; gia par�deigma,
to Q eÐnai puknì sto R.
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L mma 6.1.7 An K eÐnai èna sumpagèc uposÔnolo tou R tìte to K èqei èna
to polÔ arijm simo puknì uposÔnolo.

Apìdeixh.
'Estw k ∈ N. Profan¸c isqÔei

K ⊂
⋃

x∈K

(
x− 1

k
, x +

1
k

)
.

Epeid  to K eÐnai sumpagèc, uparqoun peperasmènou pl jouc shmeÐa tou
x

(k)
1 , x

(k)
2 , . . . x

(k)
nk tètoia ¸ste

K ⊂
nk⋃

j=1

(
x

(k)
j − 1

k
, x

(k)
j +

1
k

)
.

'Estw

E =
∞⋃

k=1

{x(k)
1 , x

(k)
2 , . . . , x(k)

nk
}.

To E eÐnai to polÔ arijm simo kai puknì uposÔnolo toÔ K. ¤

Je¸rhma 6.1.8 (Arzelà-Ascoli) 'Estw K èna sumpagèc uposÔnolo toÔ
R. An F ⊂ C(K) eÐnai mia shmeiak� fragmènh kai isosuneq c oikogèneia
sunart sewn, tìte
(a) H F eÐnai omoiìmorfa fragmènh sto K.
(b) K�je akoloujÐa {fn}∞n=1 ⊂ F èqei upakoloujÐa poÔ sugklÐnei omoiìmorfa
sto K.

Apìdeixh.

(a) Epeid  h F eÐnai isosuneq c sto K, up�rqei δ > 0 tètoio ¸ste

(6.3) ∀f ∈ F kai ∀x, y ∈ K me |x− y| < δ, isqÔei |f(x)− f(y)| < 1.

Epeid  to K eÐnai sumpagèc, up�rqoun peperasmènou pl jouc shmeÐa tou
p1, p2, . . . , pm tètoia ¸ste

K ⊂ V (p1, δ) ∪ V (p2, δ) ∪ · · · ∪ V (pm, δ),

ìpou V (pj , δ) = (pj−δ, pj+δ). Epeid  h F eÐnai shmeiak� fragmènh, up�rqoun
jetikoÐ arijmoÐ M1,M2, . . . , Mm tètoioi ¸ste

(6.4) ∀f ∈ F, |f(pj)| ≤ Mj , j = 1, 2, . . . ,m.
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Jètoume M = max{M1,M2, . . . ,Mm}. 'Estw x ∈ K. Tìte x ∈ V (pj , δ) gia
k�poio j ∈ {1, 2, . . . , m} kai lìgw twn (6.3), (6.4), isqÔei

∀f ∈ F, |f(x)| ≤ |f(pj)|+ 1 ≤ M + 1.

'Ara h F eÐnai omoiìmorfa fragmènh sto K.

(b) 'Estw {fn}∞n=1 mi� akoloujÐa toÔ F kai èstw E èna to polÔ arijm -
simo, puknì uposÔnolo toÔ K (h Ôparxh tètoiou E exasfalÐzetai apì to
L mma 6.1.7). Apì to Je¸rhma 6.1.6 prokÔptei ìti h {fn} èqei mi� upakolou-
jÐa {fnk

}∞k=1 tètoia ¸ste h {fnk
(x)} eÐnai sugklÐnousa gia k�je x ∈ E.

Ja deÐxoume ìti h {fnk
} sugklÐnei omoiìmorfa sto K. Gia na aplopoi -

soume touc sumbolismoÔc jètoume fnk
= gk. 'Estw ε > 0. Lìgw isosunèqeiac

up�rqei δ > 0 tètoio ¸ste

(6.5) ∀f ∈ F kai ∀x, y ∈ K me |x− y| < δ, isqÔei |f(x)− f(y)| < ε.

Epeid  to E eÐnai puknì mèsa sto K kai to K eÐnai sumpagèc, up�rqoun
peperasmènou pl jouc shmeÐa x1, x2, . . . , xN toÔ E tètoia ¸ste

(6.6) K ⊂ V (x1, δ) ∪ V (x2, δ) ∪ · · · ∪ V (xN , δ).

H {gk(x)} eÐnai sugklÐnousa (�ra kai Cauchy) gia k�je x ∈ E, �ra kai gia
x = xj , j = 1, 2, . . . , N . Epomènwc up�rqoun fusikoÐ kj , j = 1, 2, . . . , N
tètoioi ¸ste

∀k, l ≥ kj , |gk(xj)− gl(xj)| < ε, j = 1, 2, . . . , N.

Jètoume ko = max{k1, k2, . . . , kn}. Tìte

(6.7) ∀k, l ≥ ko, |gk(xj)− gl(xj)| < ε, j = 1, 2, . . . , N.

'Estw x ∈ K. Lìgw thc (6.6), x ∈ V (xj , δ) gia k�poio j ∈ {1, 2, . . . , N}
ki epomènwc h (6.5) dÐnei

(6.8) |gk(x)− gk(xj)| < ε, ∀k ∈ N.

Telik� loipon, an k, l ≥ ko, tìte

|gk(x)− gl(x)| ≤ |gk(x)− gk(xj)|+ |gk(xj)− gl(xj)|+ |gl(xj)− gl(x)| < 3ε.

Lìgw tou krithrÐou Cauchy gia omoiìmorfh sÔgklish (Je¸rhma 4.3.14), h
{gk} sugklÐnei omoiìmorfa sto K. ¤
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6.2 AkoloujÐec Dirac

Orismìc 6.2.1 Mi� akoloujÐa suneq¸n sunart sewn Kn : R→ R onom�ze-
tai akoloujÐa Dirac, an èqei tic akìloujec idiìthtec:
(D1) Kn(t) ≥ 0, ∀n ∈ N, ∀t ∈ R.
(D2) Kn(t) = Kn(−t), ∀n ∈ N, ∀t ∈ R.
(D3)

∫∞
−∞Kn(t) dt = 1, ∀n ∈ N.

(D4) Gia k�je ε > 0 kai k�je δ > 0 up�rqei no ∈ N tètoio ¸ste gia k�je
n ≥ no, ∫ −δ

−∞
Kn(t) dt +

∫ ∞

δ
Kn(t) dt < ε.

H sunj kh (D3) shmaÐnei ìti to embadì k�tw apì to gr�fhma thc Kn

eÐnai Ðso me 1. H sunj kh (D4) shmaÐnei ìti to embadì autì sugkentr¸netai
kont� ston �xona y ìso to n aux�nei. EÐnai fanerì ìti gia na apodeÐxoume
thn (D4) arkeÐ na deÐxoume ìti gia k�je δ > 0,

lim
n→∞

∫ ∞

δ
Kn(t) dt = 0.

Par�deigma 6.2.2 (AkoloujÐa Landau)
'Estw

(6.9) Kn(t) =

{
(1−t2)n

cn
, an − 1 ≤ t ≤ 1,

0, an t < −1   t > 1.

Oi stajerèc cn epilègontai ètsi ¸ste na ikanopoieÐtai h (D3), dhlad 

cn =
∫ 1

−1
(1− t2)n dt.

Shmei¸noume ìti epeid  h Kn = 0 èxw apì to [−1, 1], oloklhr¸noume sto
[−1, 1] kai ìqi sto (−∞,∞). Profan¸c oi Kn eÐnai ìlec suneqeÐc sto R kai
ikanopoioÔn tic sunj kec (D1) kai (D2). Mènei na apodeÐxoume th (D4).
Pr¸ta brÐskoume èna k�tw fr�gma gia to cn:

cn = 2
∫ 1

0
(1− t2)n dt = 2

∫ 1

0
(1 + t)n (1− t)n dt

≥ 2
∫ 1

0
(1− t)n dt =

2
n + 1

.
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'Estw t¸ra 0 < δ < 1 kai ε > 0. IsqÔei:
∫ δ

−1
Kn +

∫ 1

δ
Kn = 2

∫ 1

δ
Kn = 2

∫ 1

δ

(1− t2)n

cn
dt

≤
∫ 1

δ
(n + 1)(1− δ2)n dt ≤ (n + 1)(1− δ2)n.

H teleutaÐa posìthta teÐnei sto 0 ìtan n →∞. 'Ara up�rqei no ∈ N tètoio
¸ste gia n ≥ no,

∫ δ
−1 Kn +

∫ 1
δ Kn < ε kai h (D4) apodeÐqjhke.

Par�deigma 6.2.3 (Kanonik  Katanom )
'Estw

(6.10) pn(t) =
n√
2π

e−n2t2/2.

EÐnai profanèc ìti h akoloujÐa aut  ikanopoieÐ tic (D1) kai (D2). EpÐshc
me thn allag  metablht c u = nt/

√
2 prokÔptei ìti

∫ ∞

−∞
pn(t) dt =

1√
π

∫ ∞

−∞
e−u2

du = 1

ki epomènwc isqÔei kai h (D3). Gia na apodeÐxoume thn (D4) qreiazìmaste
to parak�tw l mma.
L mma: Up�rqei stajer� C > 0 tètoia ¸ste gia k�je M > 0,

∫ ∞

M
e−u2

du ≤ C e−M2
.

Apìdeixh toÔ l mmatoc: Jètoume g(M) =
∫∞
M e−u2

du, M ≥ 0. Gr�fontac
g(M) =

∫∞
0 e−u2

du − ∫ M
0 e−u2

du, parathroÔme ìti h g eÐnai paragwgÐsimh
kai to Jemeli¸dec Je¸rhma toÔ LogismoÔ dÐnei

g′(M) = −e−M2
, M > 0.

'Etsi o kanìnac toÔ L’Hospital dÐnei

lim
M→∞

∫∞
M e−u2

du

e−M2 = lim
M→∞

g(M)
e−M2 = lim

M→∞
−e−M2

−2Me−M2 = 0.

'Ara up�rqei Mo > 0 tètoio ¸ste gia M ≥ Mo,
∫ ∞

M
e−u2

du ≤ e−M2
.
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Sto di�sthma [0,Mo] h sun�rthsh
∫∞
M e−u2

du

e−M2

eÐnai fragmènh wc suneq c. 'Etsi to l mma apodeÐqjhke.
Erqìmaste t¸ra sthn apìdeixh t c (D4) gia thn akoloujÐa sunart sewn

{pn}. Gia δ > 0, lìgw toÔ l mmatoc,
∫ ∞

δ
pn(t) dt =

√
2
π

∫ ∞

nδ/2
e−u2

du ≤
√

2
π

C exp
(
−n2δ2

4

)
→ 0,

ìtan n →∞ ki ètsi h (D4) apodeÐqjhke.

Orismìc 6.2.4 JewroÔme duì fragmènec, suneqeÐc sunart seic f, g : R→ R
me thn idiìthta:

∫ ∞

−∞
|f(t)| dt < ∞  

∫ ∞

−∞
|g(t)| dt < ∞.

H sunèlix  twn f, g eÐnai h sun�rthsh f ∗ g : R→ R me

f ∗ g(x) =
∫ ∞

−∞
f(t) g(x− t) dt.

Me allag  metablht c apodeiknÔetai ìti f ∗ g = g ∗ f , dhlad 
∫ ∞

−∞
f(t) g(x− t) dt =

∫ ∞

−∞
f(x− t) g(t) dt.

H sunèlixh kai oi akoloujÐec Dirac paÐzoun shmantikì rìlo sthn An�lush,
kurÐwc q�rh sto akìloujo je¸rhma.

Je¸rhma 6.2.5 'Estw f : R → R mi� fragmènh kai suneq c sun�rthsh.
'Estw Kn mi� akoloujÐa Dirac. Jètoume fn = Kn ∗ f . Tìte fn−→oµ f se k�je
kleistì di�sthma toÔ R.

Apìdeixh.
Lìgw thc (D3),

f(x) = f(x)
∫ ∞

−∞
Kn(t) dt =

∫ ∞

−∞
Kn(t)f(x) dt, x ∈ R.
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'Ara

(6.11) fn(x)− f(x) =
∫ ∞

−∞
Kn(t) [f(x− t)− f(x)] dt x ∈ R.

JewroÔme èna kleistì di�sthma [a, b] kai èna ε > 0. H f eÐnai omoiìmorfa
suneq c sto [a − 1, b + 1]. 'Ara up�rqei δ ∈ (0, 1) tètoio ¸ste gi� x ∈ [a, b]
kai |t| < δ isqÔei

(6.12) |f(x− t)− f(x)| < ε.

H f eÐnai fragmènh; èstw M èna �nw fr�gma t c |f |. Lìgw thc (D4), up�rqei
no ∈ N tètoio ¸ste gia k�je n ≥ no,

∫ −δ

−∞
Kn +

∫ ∞

δ
Kn <

ε

2M
.

Apì thn (6.11), paÐrnontac apìlutec timèc, prokÔptei ìti gia x ∈ R,

(6.13) |fn(x)− f(x)| ≤
∫ −δ

−∞
+

∫ δ

−δ
+

∫ ∞

δ
Kn(t) |f(x− t)− f(x)| dt.

Gia na ektim soume to pr¸to kai to trÐto olokl rwma, qrhsimopoioÔme thn
anisìthta |f(x− t)− f(x)| ≤ 2M kai paÐrnoume gia x ∈ R kai n ≥ no,

∫ −δ

−∞
+

∫ ∞

δ
Kn(t) |f(x− t)− f(x)| dt ≤ 2M

[∫ −δ

−∞
+

∫ ∞

δ
Kn(t) dt

]
< ε.

Gia to mesaÐo olokl rwma sthn (6.13), qrhsimopoioÔme thn (6.12):

∫ δ

−δ
Kn(t) |f(x−t)−f(x)| dt ≤

∫ δ

−δ
εKn = ε

∫ δ

−δ
Kn ≤ ε

∫ ∞

−∞
Kn = ε, x ∈ [a, b].

DeÐxame loipìn ìti gia k�je x ∈ [a, b] kai k�je n ≥ no, |fn(x)− f(x)| < 2ε.
'Ara fn−→oµ f sto [a, b]. ¤

6.3 To je¸rhma prosèggishc toÔ Weierstrass

'Opwc eÐdame sthn prohgoÔmenh par�grafo h akoloujÐa Landau eÐnai mia
akoloujÐa Dirac. Ja efarmìsoume t¸ra to Je¸rhma 6.2.5 sthn akoloujÐa
Landau gia na apodeÐxoume to akìloujo perÐfhmo je¸rhma.

137



Je¸rhma 6.3.1 (Je¸rhma toÔ Weierstrass) 'Estw f mi� sun�rthsh
suneq c sto [a, b]. Up�rqei mi� akoloujÐa poluwnÔmwn {pn} tètoia ¸ste
pn−→oµ f sto [a, b].

Apìdeixh.

Ja apodeÐxoume pr¸ta to je¸rhma me tic epiprìsjetec upojèseic [a, b] =
[0, 1] kai f(0) = f(1) = 0. EpekteÐnoume thn f sto R jètontac f(x) = 0 gia x
èxw apì to [0, 1]. H epektetamènh f eÐnai suneq c kai fragmènh sto R. 'Estw
{Kn} h akoloujÐa Landau (bl. Par�deigma 6.2.2). Jètoume pn = Kn ∗ f .
Apì to Je¸rhma 6.2.5 prokÔptei pn−→oµ f sto [0, 1]. Mènei na deÐxoume ìti
k�je pn eÐnai polu¸numo. IsqÔei

pn(x) =
∫ ∞

−∞
Kn(x− t)f(t) dt =

∫ 1

0
Kn(x− t)f(t) dt.

Gia k�je n ∈ N, h Kn eÐnai polu¸numo bajmoÔ 2n kai wc proc x kai wc proc
t. Epomènwc mporeÐ na grafeÐ sth morf 

Kn(x− t) = g0(t) + g1(t)x + g2(t)x2 + · · ·+ g2n(t)x2n,

ìpou g0, g1, . . . , g2n eÐnai polu¸numa wc proc t. 'Ara

pn(x) = a0 + a1x + · · ·+ a2nx2n,

ìpou
aj =

∫ 1

0
gj(t)f(t) dt.

'Etsi to je¸rhma apodeÐqjhke me tic epiprìsjetec upojèseic pou k�name sthn
arq .

ApodeiknÔoume t¸ra to je¸rhma me mình epiprìsjeth upìjesh [a, b] =
[0, 1]. JewroÔme th sun�rthsh

h(x) = f(x)− f(0)− x(f(1)− f(0))

h opoÐa eÐnai suneq c sto [0, 1] kai h(0) = h(1) = 0. Apì to pr¸to mèroc thc
apìdeixhc up�rqei akoloujÐa poluwnÔmwn {qn} me qn−→oµ h sto [0, 1]. Tìte h
akoloujÐa poluwnÔmwn

qn − f(0)− x(f(1)− f(0))

sugklÐnei omoiìmorfa sthn f sto [0, 1].
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Tèloc apodeiknÔoume to je¸rhma qwrÐc kami� epiprìsjeth upìjesh. Jew-
roÔme th sun�rthsh φ : [a, b] → [0, 1] me

φ(x) =
x− a

b− a
.

Jètoume
g(y) = f ◦ φ−1(y) = f((b− a)y + a), y ∈ [0, 1].

H g eÐnai suneq c sto [0, 1]. Lìgw aut¸n pou apodeÐxame mèqri t¸ra, up�rqei
akoloujÐa poluwnÔmwn {rn} me rn−→oµ g sto [0, 1]. Jètoume

pn(x) = rn ◦ φ(x) = rn

(
x− a

b− a

)
.

H {pn} eÐnai akoloujÐa poluwnÔmwn kai epiplèon

pn = rn ◦ φ −→oµ g ◦ φ = f

sto [a, b], (bl. 'Askhsh 4.8.30). ¤

Par�deigma 6.3.2 'Estw f : [a, b] → R mi� suneq c sun�rthsh. Upojè-
toume ìti gia k�je n = 0, 1, 2, . . . , isqÔei

(6.14)
∫ b

a
xnf(x) dx = 0.

Ja deÐxoume ìti tìte f = 0. Pr�gmati, apì to je¸rhma tou Weierstrass,
up�rqei akoloujÐa poluwnÔmwn pn me pn−→oµ f sto [a, b]. 'Ara fpn−→oµ f2 sto
[a, b]. Epomènwc ∫ b

a
f2 = lim

n→∞

∫ b

a
fpn.

'Omwc lìgw thc (6.14),
∫ b
a fpn = 0 gia k�je n. 'Ara

∫ b
a f2 = 0. Epeid  h f

eÐnai suneq c èpetai ìti f = 0.

6.4 Ask seic
6.4.1 'Estw E èna m  kenì uposÔnolo toÔ R. DeÐxte ìti o B(E) me t  nìrma ‖·‖∞
eÐnai normikìc q¸roc.

6.4.2 DeÐxte ìti fn → f sto q¸ro B(E) an kai mìno an fn−→oµ f sto E.

6.4.3 DeÐxte ìti o B(E) eÐnai pl rhc.
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6.4.4 DeÐxte ìti o q¸roc Cb(E) := C(E) ∩ B(E) eÐnai kleistìc upoq¸roc toÔ
B(E) (�ra kai pl rhc).

6.4.5 DeÐxte ìti o B(E) eÐnai �lgebra sunart sewn, dhlad  an f, g ∈ B(E), tìte
fg ∈ B(E) kai ‖fg‖∞ ≤ ‖f‖∞‖g‖∞. Epiplèon deÐxte ìti, an fn → f kai gn → g
sto q¸ro B(E), tìte fngn → fg sto q¸ro B(E).

6.4.6 Mi� suneq c sun�rthsh q : [a, b] → R onom�zetai polugwnik  an up�rqoun
shmeÐa a = x0 < x1 < · · · < xn = b tètoia ¸ste h q na eÐnai grammik  se kajèna apì
ta diast mata [xj−1, xj ], j = 1, 2, . . . , n. DeÐxte ìti an f ∈ C[a, b], tìte up�rqei
akoloujÐa polugwnik¸n sunart sewn {qn} tètoia ¸ste qn−→oµ f sto [a, b].

6.4.7 DeÐxte ìti k�je polugwnik  sun�rthsh eÐnai Lipschitz. DeÐxte ìti oi sunart -
seic Lipschitz eÐnai puknèc mèsa ston C[a, b].

6.4.8 Me qr sh polugwnik¸n sunart sewn deÐxte ìti o C[a, b] eÐnai diaqwrÐsimoc
q¸roc.

6.4.9 Mia sun�rthsh s : [a, b] → R onom�zetai klimakwt  an up�rqoun shmeÐa
a = x0 < x1 < · · · < xn = b tètoia ¸ste h s na eÐnai stajer  se kajèna apì
ta diast mata [xj−1, xj), j = 1, 2, . . . , n. DeÐxte ìti an f ∈ C[a, b], tìte up�rqei
akoloujÐa klimakwt¸n sunart sewn {qn} tètoia ¸ste qn−→oµ f sto [a, b].

6.4.10 An fn−→oµ f sto [a, b], deÐxte ìti to sÔnolo {f}∪{fn : n ∈ N} eÐnai sumpagèc
sto q¸ro C[a, b].

6.4.11 An F eÐnai mi� isosuneq c oikogèneia sunart sewn sto E, deÐxte ìti k�je
sun�rthsh f ∈ F eÐnai omoiìmorfa suneq c sto E.

6.4.12 DeÐxte ìti k�je peperasmèno uposÔnolo toÔ C[a, b] eÐnai isosuneqèc.

6.4.13 An F eÐnai mi� isosuneq c oikogèneia sunart sewn sto E, deÐxte ìti k�je
uposÔnolo thc F eÐnai isosuneqèc.

6.4.14 Swstì   L�joc? An k�je sun�rthsh mi�c oikogèneiac sunart sewn sto
(0, 1) eÐnai omoiìmorfa suneq c, tìte h oikogèneia eÐnai isosuneq c.

6.4.15 'Estw K sumpagèc uposÔnolo toÔ R. DeÐxte ìti èna isosuneqèc uposÔnolo
tou C(K) eÐnai shmeiak� fragmèno an kai mìno an eÐnai omoiìmorfa fragmèno.

6.4.16 'Estw E èna mh kenì uposÔnolo tou R. Mi� oikogèneia sunart sewn F ⊂
C(E) onom�zetai isosuneq c sto shmeÐo x ∈ E an gia k�je ε > 0, up�rqei δ > 0
tètoio ¸ste

∀f ∈ F, ∀y ∈ E me |x− y| < δ, isqÔei |f(x)− f(y)| < ε.

(a) Upojètoume ìti to E eÐnai sumpagèc. DeÐxte ìti h F eÐnai isosuneq c sto E an
kai mìno an eÐnai isosuneq c se k�je shmeÐo tou E.
(b) BreÐte mi� oikogèneia sunart sewn pou eÐnai isosuneq c se k�je shmeÐo toÔ R
all� den eÐnai isosuneq c sto R.
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6.4.17 'Estw K sumpagèc uposÔnolo toÔ R. An {fn} eÐnai mi� omoiìmorfa sugk-
lÐnousa akoloujÐa sto C(K), deÐxte ìti to sÔnolo {fn : n ∈ N} eÐnai omoiìmorfa
fragmèno kai isosuneqèc.

6.4.18 'Estw K sumpagèc uposÔnolo toÔ R. An F eÐnai mia isosuneq c oikogèneia
sto K kai h akoloujÐa {fn} ⊂ F sugklÐnei shmeiak� sto K, deÐxte ìti h {fn}
sugklÐnei omoiìmorfa sto K.

6.4.19 'Estw K sumpagèc uposÔnolo toÔ R. An h akoloujÐa {fn} ⊂ C(K) eÐnai
fjÐnousa kai sugklÐnei shmeiak� sto K prìc th mhdenik  sun�rthsh, deÐxte ìti to
sÔnolo {fn : n ∈ N} eÐnai isosuneqèc.

6.4.20 Qrhsimopoi ste tic Ask seic 6.4.16-6.4.19 gia na d¸sete mi� nèa apìdeixh
tou krithrÐou tou Dini (Je¸rhma 4.4.4).

6.4.21 DÐnontai èna sumpagèc uposÔnolo K toÔ R kai mi� akoloujÐa {fn} ⊂
C(K). An to sÔnolo {fn : n ∈ N} eÐnai isosuneqèc sto K, deÐxte ìti to sÔnolo
{x ∈ K : {fn(x)} sugklÐnei} eÐnai kleistì uposÔnolo tou K.

6.4.22 Gia mi� akoloujÐa paragwgÐsimwn sunart sewn fn : [a, b] → R isqÔei

|f ′(x)| ≤ 1, ∀x ∈ [a, b], ∀n ∈ N.

An h {fn} eÐnai shmeiak� fragmènh, deÐxte ìti h {fn} èqei upakoloujÐa pou sugklÐnei
omoiìmorfa sto [a, b].

6.4.23 DÐnetai mi� akoloujÐa sunart sewn {fn} pou eÐnai suneqeÐc sto [a, b] kai
paragwgÐsimec sto (a, b). Upojètoume ìti h {f ′n} eÐnai omoiìmorfa fragmènh sto
(a, b) kai h {fn} sugklÐnei shmeiak� sto [a, b]. DeÐxte ìti h {fn} sugklÐnei omoiì-
morfa sto [a, b].

6.4.24 DÐnontai arijmoÐ K kai α me 0 < K < ∞ kai 0 < α ≤ 1. DeÐxte ìti to
sÔnolo

{f ∈ Lip(K,α) : f(0) = 0}
eÐnai sumpagèc uposÔnolo toÔ C[0, 1].

6.4.25 DÐnetai mi� omoiìmorfa fragmènh akoloujÐa sunart sewn {fn}∞n=1 pou
eÐnai oloklhr¸simec sto di�sthma [a, b]. OrÐzoume

Fn(x) =
∫ x

a

fn(t) dt, x ∈ [a, b].

DeÐxte ìti up�rqei upakoloujÐa {Fnk
}∞k=1 pou sugklÐnei omoiìmorfa sto [a, b].
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6.4.26 DÐnontai èna sumpagèc sÔnolo K kai mi� oikogèneia sunart sewn F ⊂
C(K).
(a) An h F eÐnai shmeiak� fragmènh, deÐxte ìti kai to perÐblhm� thc sto q¸ro C(K)
eÐnai epÐshc shmeiak� fragmèno.
(b) An h F eÐnai omoiìmorfa fragmènh, deÐxte ìti kai to perÐblhm� thc sto q¸ro
C(K) eÐnai epÐshc omoiìmorfa fragmèno.
(g) Swstì   L�joc? An h F eÐnai isosuneq c, tìte kai to perÐblhm� thc sto q¸ro
C(K) eÐnai epÐshc isosuneqèc.

6.4.27 DÐnontai èna sumpagèc sÔnolo K kai èna sÔnolo sunart sewn F ⊂ C(K).
DeÐxte ìti to F eÐnai sumpagèc uposÔnolo toÔ C(K) an kai mìno an to F eÐnai
kleistì, shmeiak� fragmèno, kai isosuneqèc.

6.4.28 OrÐzoume ton telest  T : C[a, b] → C[a, b] me thn isìthta Tf (x) =
∫ x

a
f .

DeÐxte ìti o T apeikonÐzei ta fragmèna sÔnola se isosuneq  (kai �ra sumpag )
sÔnola.

6.4.29 'Estw K(x, y) mia sun�rthsh suneq c sto [a, b]× [a, b].
(a) An f ∈ C[a, b] kai g(x) =

∫ b

a
f(t)K(x, t) dt, deÐxte ìti g ∈ C[a, b].

(b) OrÐzoume ton telest  T : C[a, b] → C[a, b] me thn isìthta

Tf (x) =
∫ b

a

f(t)K(x, t) dt.

DeÐxte ìti o T apeikonÐzei ta fragmèna sÔnola se isosuneq  sÔnola kai ìti o T
eÐnai suneq c.

6.4.30 'Estw F (x, y) mia sun�rthsh suneq c sto [0, 1] × [0, 1]. Gi� y ∈ [0, 1],
orÐzoume th sun�rthsh Fy : [0, 1] → R me Fy(x) = F (x, y). DeÐxte ìti to sÔnolo
twn sunart sewn {Fy : y ∈ [0, 1]} eÐnai isosuneqèc sto [0, 1].

6.4.31 DeÐxte ìti k�tw apì tic upojèseic toÔ OrismoÔ 6.2.4, to genikeumèno olok-
l rwma ∫ ∞

−∞
f(t) g(x− t) dt

pou orÐzei th sunèlixh dÔo sunart sewn up�rqei gia k�je x ∈ R.

6.4.32 DeÐxte ìti k�tw apì tic upojèseic toÔ OrismoÔ 6.2.4
(a) (f1 + f2) ∗ g = f1 ∗ g + f2 ∗ g.
(b) f ∗ g = g ∗ f .

6.4.33 DeÐxte ìti h akoloujÐa sunart sewn

Kn(t) =
n

π(1 + n2t2)
, t ∈ R, n ∈ N,

eÐnai akoloujÐa Dirac.
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6.4.34 DÐnetai sunarthsh K : R→ R jetik , suneq c, �rtia, Ðsh me to 0 èxw apì
èna fragmèno di�sthma kai ∫ ∞

−∞
K(t) dt = 1.

OrÐzoume Kn(t) = nK(nt). DeÐxte ìti h {Kn} eÐnai akoloujÐa Dirac.

6.4.35 BreÐte mi� sugkekrimènh sun�rthsh K ìpwc sthn parap�nw �skhsh pou na
eÐnai epiplèon kai �peirec forèc paragwgÐsimh.

6.4.36 'Estw K mi� �peirec forèc paragwgÐsimh sun�rthsh sto R tètoia ¸ste
K = 0 èxw apì èna fragmèno di�sthma. 'Estw f mi� fragmènh, suneq c sun�rthsh
sto R. DeÐxte ìti h K ∗ f eÐnai �peirec forèc paragwgÐsimh kai (K ∗ f)′ = K ′ ∗ f .

6.4.37 (a) An p eÐnai èna polu¸numo kai ε > 0, deÐxte ìti up�rqei polu¸numo q me
rhtoÔc suntelestèc tètoio ¸ste d[a,b]](p, q) < ε.
(b) DeÐxte ìti o C[a, b] eÐnai diaqwrÐsimoc.
(g) DeÐxte ìti o C(R) den eÐnai diaqwrÐsimoc.

6.4.38? 'Estw Pn to sÔnolo twn poluwnÔmwn me bajmì mikrìtero   Ðso toÔ n.
DeÐxte ìti to Pn eÐnai (n+1)-di�statoc dianusmatikìc upoq¸roc toÔ C[a, b]. DeÐxte
ìti to Pn eÐnai kleistì uposÔnolo toÔ C[a, b].
Swstì   L�joc?

C[a, b] =
∞⋃

n=1

Pn.

6.4.39 'Estw f mi� suneq c sun�rthsh sto [a, b]. To Je¸rhma toÔ Weierstrass
eggu�tai thn Ôparxh mi�c akoloujÐac poluwnÔmwn {pn} me pn−→oµ f sto [a, b]. 'Estw
mn o bajmìc toÔ poluwnÔmou pn. An h f den eÐnai polu¸numo, deÐxte ìti mn →∞.

6.4.40 An h f èqei suneq  par�gwgo sto [a, b] kai ε > 0, deÐxte ìti up�rqei
polu¸numo p tètoio ¸ste ‖f − p‖∞ < ε kai ‖f ′ − p′‖∞ < ε.

6.4.41 Kataskeu�ste mi� akoloujÐa poluwnÔmwn pou sugklÐnei omoiìmorfa sto
[0, 1] all� h akoloujÐa twn parag¸gwn den sugklÐnei omoiìmorfa.

6.4.42? DeÐxte ìti up�rqei akoloujÐa poluwnÔmwn {pn} tètoia ¸ste pn−→σ 0 sto
[0, 1] all�

∫ 1

0
pn(x) dx → 3.

6.4.43 DÐnetai suneq c sun�rthsh f : [1, +∞) → R. Upojètoume ìti to ìrio
limx→∞ f(x) up�rqei. DeÐxte ìti gia k�je ε > 0, up�rqei polu¸numo p tètoio ¸ste
|f(x)− p(1/x)| < ε gia k�je x ∈ [1,∞).

6.4.44? Mi� akoloujÐa poluwnÔmwn sugklÐnei omoiìmorfa sto R. DeÐxte ìti h
sun�rthsh-ìrio eÐnai polu¸numo.
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6.5 Shmei¸seic
H ènnoia thc isosunèqeiac mporeÐ na oristeÐ kai gia oikogèneiec pragmatik¸n   mi-
gadik¸n sunart sewn pou eÐnai orismènec se èna metrikì q¸ro (X, ρ): H F onom�ze-
tai isosuneq c sto X an an gia k�je ε > 0, up�rqei δ > 0 tètoio ¸ste

∀f ∈ F, ∀x, y ∈ X me ρ(x, y) < δ, isqÔei |f(x)− f(y)| < ε.

Ta Jewr mata 6.1.6 kai 6.1.8 isqÔoun kai s' autì to genikìtero plaÐsio me tic Ðdiec
apodeÐxeic.

H ènnoia thc isosunèqeiac kai to Je¸rhma Arzelà-Ascoli eÐnai suneisforèc twn
Ital¸n majhmatik¸n C.Arzelà kai G.Ascoli. H pr¸th xek�jarh diatÔpwsh toÔ jew-
r matoc gia to q¸ro C[0, 1] ègine apì ton Arzelá to 1895. H genÐkeush toÔ jew-
r matoc se metrikoÔc q¸rouc eÐnai èrgo toÔ M.Fréchet to 1906. Gia perissìterec
plhroforÐec parapèmpoume sta biblÐa [2], [5], [8]. H ènnoia thc isosunèqeiac qrhsi-
mopoieÐtai kai sth Migadik  An�lush; kurÐwc sth jewrÐa twn kanonik¸n oikogenei¸n
olìmorfwn   armonik¸n sunart sewn. Bl. [L.V.Ahlfors, Complex Analysis, 3rd
edition, McGraw-Hill, 1979] kai [W.Rudin, Real and Complex Analysis, 3rd edi-
tion, McGraw-Hill, 1987].

To je¸rhma toÔ Weierstrass gia thn poluwnumik  prosèggish suneq¸n sunart -
sewn apodeÐqjhke to 1885. Mia sÔntomh istorik  episkìphsh kaj¸c kai �lla
sqetik� apotelèsmata up�rqoun sta �rjra [[A.Shields, Polynomial approximation,
Math. Intelligencer 9 (1987), 5-7], [E.R.Hedrick, The significance of Weierstrass’s
theorem, Amer. Math. Monthly 20 (1927), 211-213], [S.D.Fisher, Quantitative
approximation theory, Amer. Math. Monthly 85 (1978), 318-332].

Up�rqoun pollèc apodeÐxeic toÔ jewr matoc. H piì stoiqei¸dhc ofeÐletai sto
Lebesgue kai basÐzetai sthn parat rhsh ìti oi polugwnikèc sunart seic eÐnai puknèc
sto C[a, b]. Gia thn apìdeixh aut  bl. [2, Ch.11]. Mi� �llh apìdeixh ègine apì ton
Sergei Bernstein to 1912; bl. [2], [10]. To je¸rhma toÔ Weierstrass mporeÐ epÐshc na
proèljei �mesa apì to je¸rhma toÔ Fejer gia thn ajroisimìthta twn seir¸n Fourier;
bl. [1, Ch.11]. H apìdeixh pou dÐnoume sthn §6.3 ofeÐletai ston E.Landau. Thn
protim same diìti eÐnai apì teqnik  �poyh apl  kai eÔkolh. H apìdeixh aut  up�rqei
kai sta biblÐa [4], [8] kai [S.Lang, Undergraduate Analysis, 2nd edition, Springer,
1997].

Oi ènnoiec thc sunèlixhc kai twn akolouji¸n Dirac èqoun meg�lh shmasÐa sthn
An�lush kai m�lista sthn Armonik . Perissìterec plhroforÐec up�rqoun sto biblÐo
[6]

Shmantikèc genikèuseic toÔ jewr matoc toÔ Weierstrass apodeÐqjhkan apì ton
M.H.Stone to 1937. Gia th jewrÐa toÔ Stone parapèmpoume sta [2], [4], [5].
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